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Abstract

Comparing portfolio strategies suffers from selection bias: we select the investors’ op-
portunity sets and we select the input variables in strategy evaluation and then compare
strategies. This paper resolves the selection bias by evaluating strategies across a large
set of randomly generated investment specifications. We find that: (i) how we set the
stage for comparing strategies drives our conclusions regarding which strategy is better
and (ii) comparing portfolio strategies to the 1/N rule out-of-sample, while controlling
for selection bias, we find that we are still far away from what has been promised by
Markowitz in-sample. This poor performance also holds for the recent strategies de-
veloped with the purpose of beating 1/N rule. Finally, through a theoretical and an
empirical analysis, we investigate how the researchers’ choices prior to strategy evalu-
ation influence the results.
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1. Introduction

Let’s say we want to compare two strategies: A and B. The conventional approach is

to select a set of assets, choose an estimation window and a holding period, and find the

strategy with the higher out-of-sample Sharpe ratio. Suppose we follow this procedure and

strategy A wins. Does this mean that strategy A is always better than B? Of course not! In

order to make such a conclusion, we need to make sure how we set the stage for comparing

strategies does not influence the results.

The literature on evaluating portfolio strategies suffers from selection bias. This bias can

be divided into two parts: (i) sample selection bias: the norm in the literature is to use

specific datasets, either focusing on a particular type of asset (stocks or characteristic-based

portfolios) or a pre-selected set of datasets1. (ii) Input-variable bias: in order to compare

two strategies, we need to set the number of assets in the portfolio (how many assets the

investor has in her opportunity set), estimation window (how much of historical data the

investor is using for estimation purposes), holding period (how long the investor is holding

her portfolio), rolling scheme (the investor is holding her portfolio through the entire holding

period or she is rebalancing her portfolio every month), and other specifications depending

on the strategy under investigation. Any of these choices can show a different winner, and

neglecting to take all these possibilities into account when comparing strategies can bias our

conclusions regarding the overall performance of strategies.

Our first contribution is to provide a sampling procedure to control for the selection bias

in strategies’ performance assessment. We do this by randomly generating a large number of

specifications with different investors’ opportunity sets and also input variables to strategy

evaluation. We assume our investor’s opportunity set is either composed of stocks, portfolios,

1For example, Jorion (1991); DeMiguel, Garlappi, and Uppal (2007); DeMiguel, Garlappi, Nogales, and
Uppal (2009); Tu and Zhou (2011) use a set of characteristic-based portfolios - portfolios defined on a
particular characteristic of the assets, for example, size/book-to-market portfolios. Jagannathan and Ma
(2003) use 500 randomly selected stocks at the end of April of each year from 1968 to 1997 and a set of 25
Fama-French size and book-to-market portfolios. Martellini and Ziemann (2009) use 255 stocks from the
CRSP database from May 1968 through April 2006. Chan, Karceski, and Lakonishok (1999) use a set of 250
randomly selected stocks listed on the NYSE and AMEX each year from 1973 to 1997.
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or characteristic-based portfolios. Stocks are chosen randomly from all the shares in the

NYSE/ AMEX, corrected for cheap shares and market capitalization, from January 1965

to December 2016. Portfolios are created with different sizes by randomly choosing among

the available stocks. For characteristic-based portfolios, we construct a large pool of 1035

portfolios and use this pool for random-sampling purposes in forming investors’ opportunity

sets.

The second contribution comes from applying our selection bias correction to the battle of

Markowitz and 1/N rule. From the literature, we already know about the underperformance

of mean-variance strategy and its extensions relative to 1/N rule (Jorion, 1991; Bloomfield,

Leftwich, and Long, 1977; DeMiguel et al., 2007). This paper gives this underperformance

a value. Our approach is simple: we compute the percentage of investment specifications,

across all the randomly generated specifications, that a strategy beats 1/N rule out-of-

sample2. And our strategies are comprehensive: we consider mean-variance strategy, its

extensions to minimize estimation error and post-DeMiguel et al. (2007) strategies with the

purpose of beating the 1/N rule.

The results are intriguing: when stocks are the assets in the investors opportunity set,

our best strategy is the combined portfolio of 1/N rule and Bayesian-Stein strategy, proposed

by Tu and Zhou (2011). This strategy beats 1/N rule in only 4.70% of the specifications.

The second well-performing strategy is the minimum-variance strategy with short-selling

constraint. Even though this strategy is advocated by Jagannathan and Ma (2003) and

DeMiguel et al. (2007), we find that it beats 1/N rule only in 3.18% of the 10,000 specifi-

cations while in-sample, mean-variance strategy beats the 1/N rule in 70.67% of the speci-

fications. Nonetheless, adding the short-selling constraints to minimum-variance strategy is

beneficial: minimum-variance strategy wins in 0.71% of the specifications and by adding the

constraints, we quadruple our winning rate. The results are also not good for other strate-

gies: sample-based mean-variance strategy wins in only 0.63% of the specifications and with

2 We say a strategy beats 1/N rule when its out-of-sample Sharpe ratio is higher and the difference is
statistically significant at 10% level.
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short-selling constraints, it wins in 1.36% of specifications. Adding norm-constraints to

the mean-variance strategy following DeMiguel et al. (2009) results in only 0.67% of win-

ning. We also consider additional strategies to overcome estimation error: Bayesian-Stein

shrinkage portfolio (Jorion, 1985, 1986), three-fund portfolio (Kan and Zhou, 2007), other

combined portfolios (Tu and Zhou, 2011) (combining the 1/N portfolio with sample-based

mean-variance strategy or three-fund portfolio), and timing strategies (Kirby and Ostdiek,

2012) (volatility timing and reward-to-risk timing strategies). These strategies also do not

perform well compared to the 1/N portfolio. Among them, the best performing strategy is

the Bayesian-Stein portfolio, which beats the 1/N rule in 2.39% of the specifications. So,

when an investor is investing in stocks, it looks like she is actually better off using the 1/N

rule: implementing naive investing is costless (you just need a calculator!) and the chance

of being beaten by Markowitz-based prescriptions is very low.

Mean-variance strategy do not perform well out-of-sample because of estimation error,

mainly in mean estimates (see, e.g. Merton, 1980). An approach to go around this problem

is to use assets in the opportunity set that manifest low estimation error. This motivates us

to use characteristic-based portfolios: as Campbell (2017) states, “... the characteristics of

companies are likely to be more stably related to expected returns than are the names of those

companies.” Accordingly, several papers (DeMiguel et al., 2007, 2009; Tu and Zhou, 2011)

use characteristic-based portfolios as the base datasets for comparing portfolio strategies. We

do the same. Using these assets in the opportunity set, we find improvement in the strategies

performance relative to when stocks are base assets but still the performance level is far from

what we expect in-sample: the best strategy is the reward-to-risk timing strategy that wins

over 1/N rule in 29.32% of the specifications. This value is low comparing to in-sample mean-

variance winning rate of 89.24%. The next best strategy is the mean-variance strategy with

the short-selling constraint that beats 1/N rule in 27.99% of the specifications. Interestingly,

the minimum-variance strategy with short-selling constraint only wins in 13.88% of the 10,000

specifications. This tells us that when using characteristic-based portfolios, mean-variance
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strategy with constraints is preferred to its minimum-variance counterpart and this is due

to the stability of mean estimates in characteristic-based portfolios3.

Acknowledging the selection bias in strategy evaluation gives us a bigger picture. First,

we see that the conclusions made on the relative performance of portfolio selection strate-

gies to the 1/N rule does not hold when controlling for the selection bias. For example,

DeMiguel et al. (2007) write: “Of all the optimizing models studied here [12 models includ-

ing sample-based mean-variance strategy and its extensions to tackle estimation error], the

minimum-variance portfolio with constraints studied in Jagannathan and Ma (2003) per-

forms best in terms of Sharpe ratio.” They use seven investor’s opportunity sets composed

of characteristic-based portfolios; however, when evaluating across 10,000 random datasets,

we find that mean-variance strategy with constraints wins over 1/N rule in about two times

more specifications than minimum-variance strategy with constraints (with characteristic-

based portfolios, mean-variance strategy with constraints wins in 27.99% of the cases while

minimum-variance strategy with constraints beats 1/N rule in 13.88% of the cases). Second,

we also find that the strategies that were proposed recently with the purpose of beating 1/N

rule do not do their job most of the time. For example, Tu and Zhou (2011) argue in favor of

their combined portfolios saying that their strategies “outperform the 1/N rule in most sce-

narios.” By controling for the selection bias, we show that although their proposed strategies

do a great job in reducing estimation error but still we have many “miles to go” to beat 1/N

rule consistently: when stocks are in the opportunity set, the highest winning rate that the

combined strategies by Tu and Zhou (2011) can achieve is 4.7% by the combined portfolio

of 1/N rule and Bayesian-Stein strategy. And when characteristic-based portfolios are the

base assets, their combined portfolios beat 1/N rule at most in 19.58% of the specifications.

3When the investor’s opportunity set is composed of portfolios with randomly chosen stocks, the results
improve compared to stocks but is still not good news for the Markowitz-based prescriptions. The sample-
based mean-variance strategy wins 6.1% of the time and loses to the 1/N rule in 3.3% of the specifications.
The minimum-variance strategy with short-selling constraints shows the best overall performance with 10.9%
of winning cases and 0.1% of losses. Overall, considering the high value of statistically non-significant
differences between mean-variance-based strategies and the 1/N rule (the minimum one across strategies is
89.0%), and considering how easy it is to apply 1/N rule, it is a preferred strategy.
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We address several issues with our analysis. First, it can be that short estimation windows

in our random generation procedure drive the results. The estimation-window is randomly

generated between the number of assets in the opportunity set (sufficient sample size see,

e.g. Klein and Bawa (1976) ) and 240 months. When we constrain the estimation window

to be greater than 120 months, the results improve only slightly. Second, it can be that for

a strategy to win, we may not have enough observations in the holding period to make a

statistically significant conclusion. To address this, we constrain our holding period to be

greater than 120 months and find that the relative performance of our strategies to the 1/N

rule improves only slightly. Third, we also include both of these restrictions simultaneously:

the poor performance of strategies relative to the 1/N rule persists. There is one interesting

finding here: for the reward-to-risk timing strategy, when the estimation window and holding

period is greater than 120 months, and also when the base assets in the opportunity set are

characteristic-based portfolios, it beats the 1/N rule in 82.75% of the specifications. Apart

from these, we also constrain the set of specifications to the ones whose covariance matrix

estimates in the estimation window is further away from a singular matrix. Applying this

restriction to the specifications does not change our conclusions.

Can we pick assets, strategies, and strategy specifications to beat the 1/N rule consis-

tently? To answer this question, we provide a theoretical and an empirical analysis. First,

building on the analytical results in Kan and Zhou (2007) and DeMiguel et al. (2007) over

the determinants of mean-variance strategy’s performance under uncertainty, we show that

the dispersion of expected returns and variances of assets in the opportunity set can be cru-

cial in beating the 1/N rule. In particular, when the investor knows the expected returns,

increasing the dispersion of mean returns and decreasing the dispersion of variances of as-

sets in the investor’s opportunity set leads to greater out-performance relative to the 1/N

rule. On the other hand, when the mean returns are not known, increasing the dispersion of

expected returns and variances can help beat the 1/N rule only if the number of assets and

the estimation window is set somehow for the mean-variance strategy to beat the 1/N rule
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in the first place.

There are two limitations in our theoretical analysis: First, although mean-variance

strategy works by estimates of means and variances, there can be other characteristics of

assets in the opportunity set such as skewness and kurtosis that influence the battle of

Markowitz and the 1/N rule. Second, our theoretical proof is focused on the mean-variance

strategy and does not address the mean-variance extensions. We address these limitations

using a logistic regression study. We construct a zero-one dependent variable that is equal

to one when a strategy beats the 1/N rule out-of-sample with a 10% significance level. As

independent variables, we consider the length of the estimation window and holding period,

the number of assets in the investor’s opportunity set, average skewness and kurtosis of assets’

returns in the estimation window, and additional built-in strategies’ parameters. Running

logistic regressions, we find several interesting results: a one standard deviation increase in

the estimation window results in the probability of beating naive for the minimum-variance

strategy to increase by 68.07% and 37.75% when the underlying assets in the opportunity set

are stocks and characteristic-based portfolios, respectively. Moreover, we find that average

skewness influences the chances of beating 1/N rule positively: a one standard deviation

increase in average skewness increases the chances of beating 1/N rule for mean-variance

strategy with short-selling constraints by 76.70% and 25.16% when the underlying assets

in the opportunity set are stocks and characteristic-based portfolios, respectively. Overall,

this type of analysis opens new doors in understanding how we can set the investment

environment for our strategy to perform better out-of-sample.

This paper complements several strands of literature. One is concerned with strategy

evaluation. Mean-variance investing started by Markowitz (1952) and continued with various

forms of improvements to establish a better out-of-sample performance see e.g. shrinkage

estimates of variance-covariance matrix (Ledoit and Wolf, 2004a,b), using factor models (Best

and Grauer, 1992), employing Bayesian estimates (James and Stein, 1961). Then came the

paper by DeMiguel et al. (2007). They state that “Of the 14 models [sample-based mean-
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variance model, and its extensions designed to reduce estimation error] we evaluate across

seven empirical datasets, none is consistently better than the 1/N rule in terms of Sharpe

ratio, ...”. In our paper, we try to understand what consistently means by giving a magnitude

to the relative poor performance of the mean-variance extensions to 1/N rule. We also show

that the performance of these strategies is dependent on how we set the stage for comparison.

In addition, we analyze a set of strategies proposed recently with the promise of beating the

1/N rule (post-DeMiguel et al. (2007) papers) and show that the poor performance relative

to the 1/N rule still persists.

Another strand of research related to us is on biases in finance. The study of biases is

a long-lasting one in finance and researchers dealt with various forms of bias through time:

selection bias in empirical asset pricing, survivorship bias in mutual fun performance analysis,

p-hacking and publication bias (Harvey, 2017). We complement this strand of research by

studying selection bias in strategy evaluation.

To our knowledge, there is only one paper on the biases in portfolio evaluation. Li (2016)

investigates the sample-selection bias in the relative performance of portfolio strategies to

the 1/N rule. Our paper is different from Li (2016) in several aspects. First, we look into

the selection bias that is composed of both sample selection bias and input-variable bias in

strategy evaluation. In other words, we do not restrict the length of the estimation window,

the holding period, the total number of observations, risk aversion, or types of assets in the

investors’ opportunity set. Our investors can exist at any time, can pick any assets, and

can choose any specifications that they desire. Second, we cover a series of mean-variance

strategies from the start of the Markowitz story up to now. Our goal is to complement

DeMiguel et al. (2007) by saying how bad the strategies are in general and then see if any

of the new strategies proposed to beat the 1/N rule actually do their job. Third, we answer

when applying a strategy is advised upon. In contrary to Li (2016), we do not aim to propose

a new strategy but to see when our investors should use any of the Markowitz’s extensions

instead of the 1/N rule depending on the choices they make prior to investing.
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2. Selection bias

Is there a selection bias in strategy evaluation? To answer this question, let us look

at the history of Markowitz investing. We know mean-variance strategy is the best choice

in theory and it is preferred to 1/N rule. However, out-of-sample, mean-variance strategy

fails. Researchers observe this and propose different methodologies to make the strategy

work, showing that applying their methods can work out-of-sample. But, they show the

benefits of their methods for a specific evaluation procedure, e.g., they restrict the investors’

opportunity set. However, we know that our investors can have any opportunity set and

any asset type. They can set their own estimation window, holding period, or risk aversion.

So there can be a selection bias problem since we focus our analysis on some predetermined

asset types and input-variable specifications in the evaluation procedure.

Several decisions must be made in order to set the stage for comparing strategies. One

choice we make is to set the opportunity set. In the previous studies on comparing strategies,

we usually assume a set of particular datasets (e.g. DeMiguel et al., 2007; DeMiguel, Nogales,

and Uppal, 2014; DeMiguel et al., 2009; Tu and Zhou, 2011). However, an investor can choose

any type of asset (stocks, portfolios, or characteristic-based portfolios) and also any number

of them as the opportunity set. An investor interested in investing in technology stocks can

happen to choose only 10 technology stocks; a mutual fund that is investing in manufacturing

companies is maybe interested in 100 stocks in the manufacturing industry; another fund is

maybe investing on sectors or characteristic-based portfolios. The choices on assets to pick

for strategy comparison is vast. Let us say the average number of stocks available in NYSE is

2000, and we aim to investigate the performance of our strategy in a stocks opportunity set

with a size of 10. The number of datasets that we can construct for performance evaluation

(considering sampling without replacement) is 100118 × 1033. In addition, we can also

compare our strategy when the size of a stocks opportunity set is 20, 30, or any other number.

This also enlarges the possible datasets for strategy evaluation in another dimension, creating

a large number of possibilities. One can argue that the performance of strategies is not driven
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by the nature of the opportunity set, but it is dependent on the estimation error minimizing

technique used in the mean-variance strategy. We agree completely, but we investigate the

error minimization from another perspective: look at the estimation error as a disease, like

the flu, and the techniques to minimize the estimation error as the flu vaccine. Different

types of flu need different types of vaccines. But, what can create different type of flu? This

is where our argument comes: different opportunity sets impose different forms of estimation

error.

According to Klein and Bawa (1976), the sufficient sample information is when ”the

number of observations per security exceeds the number of securities.”

The other choices we make in strategy evaluation are the evaluation specifications: num-

ber of assets in the opportunity set, investors risk aversion, estimation window, holding

period, re-balancing scheme. An investor can choose to invest in 10 characteristic-based

portfolios, or a mutual fund can have 100 stocks in the opportunity set. These choices can

influence the relative performance of Markowitz-based strategies to the 1/N rule. Investors

can have different risk aversion levels. A lower risk aversion means the investor is more

opt to invest in risky assets, and more investment in risky assets means more estimation

uncertainty in the portfolio selection process. The choice of estimation window influenc-

ing the mean-variance strategy’s performance has already been discussed in the literature:

from DeMiguel et al. (2007), we know that a longer estimation window can result in better

performance of Markowitz prescriptions. However, a question to be asked is: how does the

estimation window affect the performance of strategies in conjunction with other choices the

investor makes? For example, the investor can pick up assets that already carry a lower

estimation risk: portfolios with low standard deviations. This can have the same influence

as increasing the estimation window. Holding periods tell us about the amount of time the

portfolio is to be held. A larger holding period can mean more time that a portfolio moves

away from the optimal conditions that it was constructed upon. Another decision is about

rebalancing. Should we rebalance the portfolio each period? In the case of no rebalancing,
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what should be the holding period? These choices can indeed influence our results.

Taking all of these choices into account or selecting choices randomly (random sampling),

we can see a bigger picture when concluding which strategy is better. This is what we do

in this paper. Our first objective is to answer: what is the overall chance of winning with

a Markowitz-based strategy over the 1/N rule, considering all possibilities of investment

specifications?

2.1. Constructing a Dataset of Strategies’ Performance

To mitigate the selection bias, we evaluate portfolio strategies among randomly selected

investment specifications: instead of investigating a particular set of specifications, we con-

sider a large set of randomly generated ones. This allows us to investigate different forms of

research designs in strategy evaluation4.

We build a dataset of evaluation specifications and strategies’ performance level. We

consider a large number of assets, any of which can be in an investor’s opportunity set.

The reader should have in mind that the investor can choose her own opportunity set and,

therefore, she can pick any assets that she wants. This is different from what the norm is

in the current literature, where they assume the investor is going to invest in a pre-selected

set of assets. Next, we randomly generate a set of input variables for strategy evaluation:

Number of assets in the opportunity set: Our investor randomly chooses the number of assets,

N, between 5 and 110 to invest in. Rebalancing scheme: There are two schemes in holding

an optimized portfolio. One is to hold the portfolio for a fixed amount of time, which we call

the fixed scheme. Another option is to rebalance the portfolio in each period: the investor

finds the optimum weights in each period and rebalances her portfolio accordingly, which we

4It should be noted that in the literature some papers generate returns for strategy evaluation assuming a
particular asset pricing model. For example, in Craig MacKinlay and Pástor (2000); DeMiguel et al. (2007);
Tu and Zhou (2011), they assume a CAPM model with fixed excess return and standard deviation for the
market factor and evenly spread factor loadings. We argue that this approach does not cancel the selection
bias for two reasons: one is that researchers still have to choose parameters for the return generation process
and second, this may work if the asset pricing model is a true model but then that is something we still do
not know in finance.
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call the Rolling Scheme. In our case, the investor either decides to hold her portfolio through

all the holding periods or she decides to re-balance her portfolio every period. Estimation

and Holding Periods: We set the estimation window (M) and the holding period (H) for

our investor. We let her choose randomly between N (number of stocks) and 240 months as

the estimation window and between 6 and 240 months as the holding period. Note that by

imposing the restriction of the estimation window being greater than the number of assets

in the opportunity set, N , we loosely make sure the covariance matrix is convertible. This is

necessary as Markowitz strategies use the inverse of the covariance matrix5. Start of sample:

We assume our investor can choose how far in the past she can look and, therefore, we

randomly generate a number across the length of the dataset as the starting point of the

analysis. We call this variable start period, and it is analogous to different researchers picking

a different starting point for their portfolio evaluation analysis. Note that we randomly

choose the start of the analysis variable between 1 and T −M −H, where T is the length

of the dataset. In our datasets, 1 is the start of the sample, January 1965, and T is the end

of our dataset, December 2016.

Knowing that there are large possibilities in which specifications can be set, the above

steps perform a random sampling procedure. There are four features that need to be set

before applying the above procedure to construct our dataset: (i) type of assets, (ii) re-

balancing scheme, (iii) portfolio strategies, and (iv) performance measures. The following

subsections address these.

2.1.1. Type of assets

Stock portfolios formed on characteristics already benefit from some return predictability

in the cross section

We consider three types of assets that can be part of an investor’s opportunity set: (i)

5In addition to this, we also remove the shares in the opportunity set that have more than ten consecutive
zero returns in their sample life. This restriction is imposed to loosely guarantee the singularity of the
covariance matrix.
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stocks; (ii) portfolios, and (iii) characteristic-based portfolios. Stocks: To get access to a large

set of stocks, we consider monthly data for all the shares in the NYSE/AMEX, correcting

for cheap shares and market capitalization. We remove the shares with prices lower than

$5 and the ones with market capitalization lower than the 20th percentile of total market

capitalization from January 1965 to December 2016. Portfolios: We construct a large set of

portfolios as follows. We first randomly generate K between 20 and 100 as the number of

stocks in the portfolio in the investor’s opportunity set. Next, we randomly choose K stocks

from our universe of stocks and construct an equally-weighted portfolio. We repeat this

procedure N times in order to build the investor’s opportunity set6. Characteristic-based

Portfolios: We build a large set of 1035 portfolios that are constructed based on stocks’

characteristics from January 1965 to December 2016. The complete list of these portfolios

is presented in Appendix A.

2.1.2. Rebalancing scheme

There are two rebalancing schemes: fixed and rolling. We run our experiments with each

of these re-balancing schemes separately. Our baseline results, presented later in the paper,

cover the case of a fixed scheme: we set a holding period, and after optimizing our portfolios

in the estimation window, we hold our portfolio without rebalancing in the holding period7.

2.1.3. Portfolio strategies

We are investigating the battle of Markowitz prescriptions and 1/N rule. Thus, we focus

our analysis on a set of mean-variance based strategies. The complete list of strategies

considered are presented in Table 1. Next, we review each strategy in detail.

Naive 1/N Rule: This is our benchmark strategy. In Naive 1/N diversification rule, we

6These portfolios are assumed to have the same number of stocks K in each portfolio. In addition, we
also analyze the case where K is randomly chosen. The overall result with respect to the performance of
strategies is the same.

7 For each experiment, we run with a rolling and a fixed scheme. This paper reports the fixed case. The
results of the rolling scheme follow the same conclusions.
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Table 1: List of strategies
This table presents the list of various asset allocation strategies evaluated in this paper. The strategies with star (*) are argued
in the literature to out-perform Naive 1/N rule.

# Strategy Abbreviation

benchmark
0 Naive 1/N Rule 1/N
Sample-based (ignoring estimation error)
1 sample-based mean-variance strategy mv
With restrictions and constraints
2 sample-based minimum-variance min
3 mean-variance strategy with no-short-sale constraint mv-c
4 minimum-variance strategy with no-short-sale constraint min-c
5 Norm-constrained mean-variance* mv-norm
Bayesian strategies
6 Bayes-Stein shrinkage portfolio bayes
Mixed strategies
7 Three-fund model three-fund
8 Combined portfolios: 1/N rule and sample-based mean-variance strategy* 1/N-mv
9 Combined portfolios: 1/N rule and Bayes-Stein mean-variance portfolio* 1/N-bs
10 Combined portfolios: 1/N rule and three-fund model* 1/N-three-fund
Timing strategies
11 Volatility timing strategy* volatility timing
12 Reward-to-risk timing strategy* reward-to-risk timing

assign an equal weight of 1/N to each asset where N is the number of assets in the investor’s

opportunity set. This strategy is studied by DeMiguel et al. (2014). In our analysis, we use

the 1/N rule with re-balancing; we fix the weights invested in each stock in each month to

be 1/N.

Sample-based Strategies: We have an investor with risk version of λ. She has a weight

vector x that determines the percentage of her wealth invested in each of N risky assets in

her portfolio while 1−1
′

Nx is invested in the risk-free asset. Assuming the vector µ displays

the expected excess return of assets in the investor’s opportunity set and Σ presenting the

variance-covariance matrix of returns, the investor aims to minimize xTΣx − 1
λ
xTµ. The

solution to which is x = (1/2λ)Σ−1µ. The vector of relative weights invested on risky assets

is w = Σ−1µ/(1NΣ−1µ). In the sample-based mean-variance strategy, we plug in the this

equation, the estimated sample-based measures of means and variance-covariance matrix.

We call the sample-based mean-variance strategy as mv. In the procedure for constructing

a dataset of strategies’ performance, we generate randomly the risk aversion coefficient, λ,

between 1 to 15.

In addition to this, we also consider a sample-based minimum-variance strategy where

the weights are computed by minimizing wTΣw subject to 1
′

Nw = 1 that result in w =
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Σ−11/(1NΣ−11). By plugging in the sample-based variance-covariance matrix, we compute

the weight allocation. We call this strategy min.

Strategies with Constraints: Next, we include shortsale constraints. We incorporate the

no-short-sale constraint in the mean-variance optimization. In this regard, the portfolio se-

lection problem is minimization of xTΣx− 1
λ
xTµ with wealth allocation constraint, x′1N = 1

and in addition, short-selling constraints, xi ≥ 0 ∀i = 1, 2, ..., N . This strategy is mean-

variance strategy with no-short-sale constraint that we coin as mv-c. In addition to this,

we also include the short-selling constraint in the minimum-variance portfolio. The opti-

mization problem becomes minimizing wTΣw subject to 1
′

Nw = 1 and also the no-short-sale

constraint, wi ≥ 0 ∀i = 1, 2, ..., N . This strategy is minimum-variance strategy with no-

short-sale constraint, in short min-c.

Jagannathan and Ma (2003) show that imposition of a short-selling constraint on the

minimum-variance strategy is the same as shrinking the elements of variance-covariance

matrix. Therefore, the above constrained form of portfolio strategies also encompasses other

forms of portfolio strategies that include a shrinking-format of variance covariance matrix.

Moreover, Jagannathan and Ma (2003) already show that imposing a short-selling constraint

leads to a performance in the same level as when constructing variance-covariance matrix

using factor models, shrinkage estimators or daily returns. Therefore, we do not include other

approaches for decreasing the estimation error following such mechanisms (these approaches

include the ones proposed by Best and Grauer (1992); Chan et al. (1999); Ledoit and Wolf

(2004a,b)).

We also include another constrained portfolio strategy proposed by DeMiguel et al.

(2009): the norm-constrained mean-variance startegy, in short mv-norm. This strategy

is the usual mean-variance strategy while including an additional constraint of
∑N

i=1 |wi −

(wmin−v)i| ≤ δ. Where δ is the norm threshold. Since unconstrained mean-variance port-

folio is known to implement extreme weight allocation, this results in poor out-of-sample

performance (e.g. DeMiguel et al., 2007). DeMiguel et al. (2014) propose a norm-constraint
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on portfolio weights. We directly follow DeMiguel et al. (2014) and assume the difference

between the wights in minimum-variance portfolio and the short-sale constraint minimum

variance portfolio to be lower than a certain threshold, δ. The values, that are considered

for δ, are generated randomly between 1% to 20%8. DeMiguel et al. (2009) show that their

proposed strategy often leads to a higher out-of-sample Sharpe ratio than the 1/N rule.

As a proposed strategy that is expected to out-perform 1/N rule, it is interesting to see

if navigating through selection bias, we can still see the better performance of mv-norm

strategy.

Bayesian strategies: In the Bayesian strategies, estimates of means and covariance ma-

trix are computed using predictive distribution of asset returns. The conditional likelihood

function, f(R|µ,Σ) is determined with respect to a certain subjective prior, p(µ,Σ). The lit-

erature provide various Bayesian estimation procedures and we consider several combinations

as follows:

Bayesian diffuse-prior portfolio: In this strategy, considering the prior to diffuse, p(µ,Σ) ∝

|Σ|−(N+1)/2, with a normal conditional likelihood, the predictive distribution becomes a

student-t with mean µ̂ and variance Σ̂(1 + estimation window) (Barry, 1974; Klein and

Bawa, 1976; Brown, 1979). The estimate of means do not change; however, the covariance

matrix estimate changes by a factor of estimation window. For large estimation window (120

months as described in DeMiguel et al. (2007)), the factor (1+ estimation window) decreases

its impact on the covariance matrix and this Bayesian strategy ends of giving optimal weights

that is indistinguishable from the sample-based mean-variance strategy. In conclusion, the

results for this strategy is in the same form as mv strategy. We do not report it in this

paper.

Bayes-Stein shrinkage portfolio: This strategy use the Bayesian statistics pioneered by

Stein (1956) and James and Stein (1961) to correct for the mean estimation: it shrinks the

sample mean towards a common grand mean. This grand mean in our analysis is considered

8 In order to find the optimized portfolio weights, we use the sqp-legacy algorithm in MATLAB and make
sure the results are as close to optimal as possible.
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to be the mean of minimum-variance portfolios (following Jorion (1985, 1986)). This strategy

uses the following estimators:

µ̂bs = (1− κ̂)µ̂+ κµ̂min

Where κ is between zero and one and it is estimated as follows:

κ =
N + 2

(N + 2) +M(µ̂− µ̂min)T Σ̂−1(µ̂− µ̂min)

And Σ̂ is estimated as follows:

Σ̂ =
1

M −N − 2

∑
M

(R− µ̂)(R− µ̂)T

M is the estimation window. We call this Bayesian strategy in short, bayes.

Three-fund model: Kan and Zhou (2007) investigate portfolio weight allocation in a

three-fund universe that is composed of riskless asset, the tangency portfolio and the global

minimum-variance portfolio. The main idea is that apart from holding a combination of

tangency portfolio and the risk-free asset, we need a third fund, to diversify away the es-

timation risk in weight allocation. They propose combining sample-based mean-variance

portfolio with the minimum-variance portfolio with weights computed as follows:

x̂three-fund = cxmv + dxmin

That is subjected to 1TN x̂
three-fund = 1. c and d are chosen optimally to maximize the

expected utility of a mean-variance investor. We call this strategy three-fund in our analysis.

Combined portfolios: Tu and Zhou (2011) propose combining mean-variance strategy

with the 1/N rule in order to reduce the estimation error and they show empirically that

their combination strategies outperform 1/N rule (they consider the dataset used in DeMiguel

et al. (2007) and DeMiguel et al. (2009)). The combination strategy portfolio weight is:
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wc = (1− ϕ)w1/N + ϕw̃

Where ϕ is the combination coefficient, 0 ≤ ϕ ≤ 1, that is set by maximizing the expected

utility of the investor. w1/N is the 1/N rule portfolio weights that is w1/N = 1N/N and w̃ is

an estimated sophisticated portfolio based on the data.

We consider three estimated portfolios, w̃ following Tu and Zhou (2011): (i) Sample-

based mean-variance strategy. We call this combination strategy 1/N-mv. (ii) Bayes-Stein

mean-variance portfolio (proposed by Jorion (1986)). We coin this strategy 1/N-bayes, (iii)

”Three-fund” model of Kan and Zhou (2007). We name this one 1/N-three-fund.

Kirby and Ostdiek (2012) provides two timing strategies that they claim to outperform

naive 1/N strategy: (i) volatility timing strategy and (ii) reward-to-risk timing strategy.

They are presented as follows:

Volatility timing strategy: For this strategy, Kirby and Ostdiek (2012) consider all the

correlations between the assets in the investor’s opportunity set to be zero and only employ

the estimates of assets’ volatility to compute portfolio weights as follows:

ŵi =
(1/σ̂2

i )
η∑N

i=1(1/σ̂2
i )
η

Where η is the timing aggressiveness coefficient. η close to zero gives us the naive 1/N rule

and as η increases, this strategy put more weight on the asset with the lowest volatility. Kirby

and Ostdiek (2012) argue that setting η > 1 mitigates information loss (the information here

is the correlation values). They consider η to be 1, 2, and 4. In this paper, we randomly

generate η to be randomly generated between 1 to 10. We call this strategy volatility timing.

Reward-to-risk timing strategy: The idea in this strategy is to assume the investor have

a prior belief that the expected returns of the assets are positive. Simply negative expected

returns can cause extreme weight allocation and in order to deal with it, Kirby and Ostdiek

(2012) propose to use µ̂+
i = max(0, µ̂i) in constructing portfolios. The weights for the
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reward-to-variability strategy is estimated as follows:

ŵi =
(µ̂i/σ̂

2
i )
η∑N

i=1(µ̂i/σ̂2
i )
η

Where η ≥ 0. This strategy allocate higher weights as η increases to the asset with a

higher reward-to-risk ratio. we call this strategy reward-to-risk timing.

2.1.4. Performance Measure

We focus on the Sharpe ratio as the main performance measure in this paper. Sharpe

ratio of strategy k in the specification i is measured by dividing the mean of out-of-sample

returns (in excess of risk-free rate), µik to the corresponding standard deviation, σik , µik/σik.

Moreover, in order to see whether two strategies are statistically distinguishable from each

other in terms of Sharpe ratio, we apply the method of Ledoit and Wolf (2008) to compute

the p-values of statistical difference between the Sharpe ratios.

Sharpe ratio is our main performance measure. This is because optimization with mean-

variance procedure should, in theory, gives us the highest possible Sharpe ratio. Since this

is the case in theory, any divergence from it comes from estimation error or cancellation of

mean-variance assumptions. This is what we are looking for: divergence from theory and

analyzing where this divergence comes from and how it affects the performance of optimized

portfolios relative to 1/N rule.

Putting all of the above together, we provide an algorithm on how to generate a large

number of specifications and out-of-sample performance values in strategy evaluation in

Table 2. This algorithm takes eight steps to generate one observation in our dataset of

strategies’ evaluations. We repeat this algorithm 10,000 times to generate a large dataset of

observations.

18



Table 2: A Dataset of Strategies’ Evaluation
This table presents the procedure with which a dataset of strategies performance is constructed. In steps 1
to 4, we randomly set the portfolio evaluation parameters that are the number of assets in the opportunity
set (N), estimation window, holding period, start of sample. Next, we randomly select assets, optimize
our strategies using the observations in the estimation window, evaluate the out-of-sample returns of the
strategies and finally compute the statistical difference between our strategies and benchmark strategy (1/N
rule).

Step 1
Select a random integer number between 5 to 110 for the number of assets
in the opportunity set (N).

Step 2
Select a random integer number between N months to 240 months (20 years)
for the Estimation window.

Step 3
Select a random integer number between 6 months to 240 months (20 years)
for the Holding period

Step 4
Generate a random number as the start of sample
between 1 to T - Estimation window - Holding period-1
where T is the total number of month between 1965 to 2015 that is 624 months.

Step 5
Select a random set of N assets between the assets that are active
between start of sample and start of sample + Estimation window + Holding period.

Step 6
Apply the strategies with the above specifications and compute out-of-sample returns
and Sharpe ratios.

Step 7
Apply the method of Ledoit and Wolf (2008) to compute the p-values of statistical difference
between the out-of-sample Sharpe ratios of strategies and the benchmark strategy (1/N rule).

Step 8
Save the results and return to Step 1.
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3. Who beats naive?

We build a dataset by randomly specifying the research design for strategy evaluation. In

this section, we compare the relative performance of strategies to the 1/N rule for three types

of assets in the investors’ opportunity set: (i) stocks, (ii) portfolios, and (iii) characteristic-

based portfolios. First, we start with stocks. Several papers assume investors’ opportunity

sets are composed of stocks e.g. Chan et al. (1999), Jagannathan and Ma (2003) and

Martellini and Ziemann (2009). Second, we consider our investor investing in portfolios;

however, these portfolios are bundles of randomly chosen stocks and are not built based on

specific characteristics of stocks. This form of underlying assets in the opportunity set has

been considered in Bloomfield et al. (1977). In addition, we also analyze the performance

of strategies relative to the 1/N rule when the opportunity set of investors is composed of

characteristic-based portfolios. These portfolios carry a notion of a characteristic behind

their construction. These types of assets have been used in strategy evaluation in different

papers, such as Jorion (1985), DeMiguel et al. (2007), DeMiguel et al. (2009) and Tu and

Zhou (2011).

3.1. Stocks

Let us start with stocks in the investors’ opportunity set. There are several papers using

stock in the opportunity sets of investors for the purpose of strategy evaluation. For example,

Martellini and Ziemann (2009) considered 255 stocks from the CRSP database from May

1968 to April 2006, and Jagannathan and Ma (2003) used 500 randomly selected common

domestic stocks traded on the NYSE and the AMEX at the end of April of each year from

1968 to 1997.

We generate 10,000 specifications using stocks as the base assets in the opportunity sets.

In the rest of this subsection, we compare portfolio strategies to the 1/N rule across all of

these specifications.
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3.1.1. Stocks: Summary Statistics

We compare the performance of strategies across a large set of possible investor oppor-

tunity sets and strategy evaluation input variables. Table 3 presents summary statistics of

the out-of-sample Sharpe ratios and evaluation specifications.

Table 3: Summary Statistics - Stocks
This table reports the summary statistics for the out-of-sample Sharpe ratios and input-variables to strategy evaluation. We
generate a dataset of randomly generated specifications for evaluating out-of-sample performance of Markowitz-based strategies
and also 1/N rule. Each stocks opportunity set is randomly chosen from all the shares in NYSE/AMEX, corrected for cheap
shares and market capitalization, from Jan 1965 to Dec 2016. The number of stocks in the opportunity set is randomly chosen
between 5 to 110. The estimation window is randomly selected to be higher than the number of stocks and lower than 240
months. The holding period is between 6 months and 240 months. We choose the start period randomly between the start
of the data (Jan 1965) and (624 − estimation window − holding period). The risk aversion coefficient, λ, is randomly chosen
between 1 to 15. δ is chosen to be randomly between 1% to 20%. For each randomly generated specification, we compute the
out-of-sample Sharpe ratios for each strategy. We generate 10,000 observations in our dataset.

Mean Std Min Max
Panel A: Out-of-sample Sharpe ratio
1/N 0.201 0.117 -0.629 2.017
min 0.164 0.122 -0.751 1.548
mv 0.093 0.159 -1.160 1.518
mv-c 0.186 0.126 -1.063 1.745
min-c 0.218 0.122 -0.825 1.487
mv-norm 0.161 0.122 -0.641 1.511
bayes 0.200 0.133 -0.626 1.757
three-fund 0.118 0.141 -1.350 2.070
1/N-mv 0.096 0.150 -1.284 1.849
1/N-bayes 0.206 0.123 -0.622 1.745
1/N-three-fund 0.118 0.139 -1.293 2.036
volatility timing 0.174 0.123 -1.070 2.617
reward-to-risk timing 0.163 0.137 -1.131 6.329

Panel B: Investor’s opportunity set
average std 0.082 0.007 0.043 0.135
average skewness 0.226 0.212 -0.919 1.136
average kurtosis 4.631 0.795 2.210 12.51

Panel C: Input variables
estimation window 148.1 55.77 9 240
holding period 124.1 67.27 6 240
number of stocks 46.68 25.00 2 103
start period 177.5 112.6 1 556
λ 8.070 4.313 1 15
δ 0.104 0.058 0.010 0.200
η 5.474 2.872 1 10

There are several observations worth mentioning. First, the average out-of-sample Sharpe

ratio tells us the average performance of an investor in the market following each particular
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strategy without any prior on which stock opportunity set she has or what her portfolio

evaluation specifications are (e.g. her risk aversion). Looking at the distribution of Sharpe

ratios, the 1/N rule shows a relatively average performance: the 1/N rule earns a minimum

monthly Sharpe ratio of -0.629 and a maximum of 2.017. On the other hand, a sample-based

mean-variance strategy earns a minimum of -1.160 and a maximum of 1.518. This tells us

that the distribution of the out-of-sample Sharpe ratio for mv strategy is positioned more to

the left of the 1/N rule, so on average, the 1/N performs better than the sample-based mean-

variance strategy (we reach the same conclusion looking at the mean values of out-of-sample

Sharpe ratios). Looking at the mean-variance strategy with short-sale constraints, mv-c,

we see an improvement on the out-of-sample Sharpe ratio with respect to the mv strategy.

The average Sharpe ratio for the mv-c strategy is 0.186 out-of-sample, which is higher than

0.093 for the in-sample. The minimum and maximum Sharpe ratios for the mv-c strategy

are -1.063 and 1.745, respectively, higher than those values for the mv strategy, showing

that imposing short-selling constraints on the mv strategy improves its performance. This is

in concordance with Jagannathan and Ma (2003) that says imposing short-sale constraints

helps improve the performance of Markowitz strategies. Next, let us consider whether the

imposition of norm constraints, following DeMiguel et al. (2009), improves the performance

of mv on average. What we observe is that the mv-norm strategy earns an out-of-sample

Sharpe ratio of 0.161, which is about two times that of the mv strategy. In addition, the

mv-norm strategy earns a minimum of -0.641 and a maximum of 1.511. The benefit of the

mv-norm strategy is its ability to maintain the jumps in the weights allocation, earning a

minimum monthly Sharpe ratio that is higher than the minimum of the mv strategy, -1.160,

and the mv-c strategy, -1.063.

The minimum-variance strategies (min and min-c) perform well, which is somewhat

expected knowing that the errors in the estimation of means can perturb the optimized

weights invested in the stocks and, therefore, result in a poor out-of-sample performance of

the mean-variance strategies. By neglecting the mean estimation in the minimum-variance
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strategies, we forgo the weight perturbation in the allocation procedure. The minimum-

variance strategy, min, earns an average out-of-sample Sharpe ratio of 0.164, which is much

higher than that of an mv strategy. This tells us how an estimation error in means can

damage the out-of-sample performance of the strategy and, therefore, forgetting completely

about the mean in mean-variance strategy is the better option. The min strategy earns a

minimum of -0.751 and a maximum of 1.548. Comparing these values to those of an mv

strategy tells us that forgetting about the mean decreases the losses in the out-of-sample

Sharpe ratio of the mean-variance strategy. Next, by imposing short-selling constraints on

the minimum-variance strategy, we get the min-c strategy, which earns an average monthly

out-of-sample Sharpe ratio of 0.218, higher than other strategies and the 1/N rule with a

monthly Sharpe ratio of 0.201. This means the investor is on average doing well using a

min-c strategy.

Next, bayes postulated that a reasonable performance earns an average Sharpe ratio of

0.200. This again points to the importance of a mean estimation procedure in Markowitz

prescriptions. Moreover, the three-fund strategy earns an average of 0.118, which is low

compared to other strategies; however, it manages to gain a proportionally high max Sharpe

ratio of 2.070. Combining the 1/N rule with different strategies following Tu and Zhou

(2011) seems to lead to good out-of-sample performances, on average, except when 1/N is

combined with the mv strategy. The 1/N-mv strategy earns the lowest average Sharpe ratio

(0.096) among all the other strategies. The timing strategies issue a sensible out-of-sample

performance that is evident from the average Sharpe ratios, and the timing strategies manage

to opt for the higher maximum Sharpe ratios among all the strategies with 2.617 and 6.329

for volatility timing and reward-to-risk timing strategies, respectively.

Looking at the investor’s opportunity set in Panel B of Table 3, we see the vast possibilities

that can be imposed on the stocks opportunity set. The standard deviation of shares in the

opportunity set has a monthly average of 0.082 with a minimum of 0.043 and a maximum of

0.135. In addition, we also compute the average skewness and kurtosis level of the shares in
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the opportunity set. The average skewness is 0.226 with a minimum of -0.919 and a maximum

of 1.136. On the other hand, we have an average kurtosis of 4.631 with a minimum of 2.210

and a maximum of 12.51. These two variables tell us how further away the stocks in the

opportunity set are from a normal distribution. If the stocks are normally distributed, the

average skewness level should be zero, but we get an average of 0.226, demonstrating positive

skewness across assets in the opportunity set. On the other hand, if the stocks are normally

distributed, the average kurtosis should be around 3. We calculate the average kurtosis to be

4.631, which shows that opportunity sets are, on average, fat-tailed. In total, the skewness

and kurtosis values show the opportunity set to be distributed further away from normal

distribution.

In Panel C of Table 3, the input variables to the evaluation procedure are reported.

The estimation window is distributed between 9 and 240 months, which means that our

investor is choosing a minimum of 9 months and a maximum of 240 months in the portfolio

selection process (the standard estimation window in studies’ baseline result, such as from

DeMiguel et al. (2007), is 120 months). It should be noted that the estimation window in

any specification is set to be higher than the number of stocks to make sure the covariance

matrix is singular. On the other hand, our investor will hold her portfolio from 6 months

up to 240 months. The number of stocks will be a minimum of 2 and a maximum of 103

since we set the number of stocks to be randomly generated between 5 and 110, and at the

same time, impose a filter to remove stocks that have more than 10 consecutive zero returns

in their portfolio construction lifetime. The sample starts at 1 and goes to 556. These

values are the month indexes given to the months from the start of our full return sample

(Jan 1965) to the end of our sample (Dec 2016) minus the estimation and holding period

lengths (624 - estimation window - holding period). In addition to these, we have the risk

aversion coefficient, λ, distributed randomly between 1 and 15. We also have the δ that is

the norm constraint level imposed in the mv-norm strategy, randomly generated between

1% and 20%. There is also η in the timing strategies generated randomly between 1 and 10.
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In total, by randomly generating these input variables to the strategy evaluation procedure,

we make sure our conclusions on the performance of strategies are not dependent on the

input variables to the portfolio selection process.

3.1.2. Stocks: relative performance

Our dataset comes from evaluating strategies across 10,000 randomly generated specifi-

cations. From this, we compare the strategies’ out-of-sample Sharpe ratios using Ledoit and

Wolf (2008)’s test of statistical significance. We compute the proportion of specifications in

which a strategy beats naive (Beating Naive), naive beats the strategy (Beaten by naive), or

there is no statistically significant difference between nave and the strategy (No statistical

difference). For a particular specification, we say a strategy beats the 1/N rule when that

strategys Sharpe ratio is higher than that of the 1/N rule and is statistically significant at

the 10% level. On the other hand, if our strategy has a lower Sharpe ratio than the 1/N rule

and is statistically significant, we say naive beats the strategy.

Table 4:Panel A presents the results of all the strategies. It quantifies the relative perfor-

mance of the 1/N rule to the Markowitz-based prescriptions. Let us start with the in-sample

analysis. We clearly see that the mean-variance strategy either beats the naive 1/N di-

versification (70.67% of the time) or there is no statistically significant difference (29.3%).

And there is no specification in which the 1/N rule performs better than the mean-variance

strategy (beaten by naive cases is 0%). In theory, no matter what the data is and what

the evaluation procedure is, the mean-variance is the best strategy. Now, let us look at

the out-of-sample results: mean-variance only wins 0.6% of the time and naive 15.5% of

the time. This means that an investor is better off with naive diversification than using a

sample-based mean-variance strategy. 99.4% of the time, she will either earn a higher Sharpe

ratio or one that is not significantly different from the mean-variance strategy. Researchers

argue that this poor performance comes from estimation error in means and covariances,

and to resolve it, they advise imposing constraints on weights (like short-selling constraints
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in Jagannathan and Ma (2003) or norm-constraints in DeMiguel et al. (2009)) or forgetting

about mean in mean-variance strategy (because the mean has a high estimation error). We

do both. We consider cases in which short-sale constraints are applied and also cases where

only portfolio variance is considered for optimization. What do we find? It is the same as

before: an investor is on average better off with a naive 1/N diversification. Only in the

case of a minimum-variance strategy with a short-sale constraint, min-c strategy, can the

investor win (3.2% of the time) while even in this case, an investor who chooses a naive 1/N

strategy earns an out-of-sample Sharpe ratio that is either significantly higher or the same

96.8% of the time.

The mv-norm strategy is designed to control for the extreme fluctuations in the weight

allocation; however, when investing in stocks, we find this strategy to perform better than

the 1/N rule 0.67% of the time while a 1/N rule beats this strategy 3.18% of the time.

Looking at the rest of the 1/N out-performers, we observe that comparing to the 1/N rule,

they perform poorly. For example, the timing strategies (volatility timing and reward-to-

risk timing strategies) end up beating the 1/N rule 1.58% and 0.53% of the simulations,

respectively. In the case of the mixed strategies, the best performing one is the 1/N-bayes

strategy that ends up beating the 1/N rule 4.70% of the time. Even in this case, the investor

who uses a 1/N rule is winning with or without statistical significance 95.3% of the time.

Overall, when the opportunity set of investors is composed of stocks, the investors are better

off using the 1/N rule.

There are several concerns to be addressed in this analysis. First, it can be seen that

there are various cases with a low estimation window that create an illusion of the relative

performance of strategies: our strategies do not perform well because the estimation window

is low. To investigate this, we do the same analysis, considering the estimation window to be

greater than the 120 months (ten years). The estimation window of 120 months is standard

in portfolio evaluation studies (e.g. DeMiguel et al., 2007, 2009). The results are presented

in Panel B of Table 4. The relative performance of strategies increases slightly; however,
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Table 4: Who beats 1/N rule - stocks
This table reports the percentage of times that (Panel A) the strategies beat 1/N rule, (Panel B) 1/N rule beats the strategies
or (Panel C) there is no statistical difference. We generate a dataset of randomly generated specifications for evaluating out-
of-sample performance of Markowitz-based strategies and also 1/N rule. Each stocks opportunity set is randomly chosen from
all the shares in NYSE/AMEX, corrected for cheap shares and market capitalization, from Jan 1965 to Dec 2016. We remove
the stocks that have higher than ten consecutive zero returns in their sample life. The number of stocks in the opportunity
set is randomly chosen between 5 to 110. The estimation window is randomly selected to be higher than the number of stocks
and lower than 240 months. The holding period is between 6 months and 240 months. We choose the start period randomly
between the start of the data (Jan 1965) and (624−estimation−window−holding−period). The risk aversion coefficient, λ is
randomly chosen between 1 to 15. δ is chosen to be randomly between 1% to 20%. For each randomly generated specification,
we compute the out-of-sample Sharpe ratios for each strategy. We apply the method of Ledoit and Wolf (2008) to compute the
p-values of statistical difference between the Sharpe ratios. The numbers are in percentages.

Beating Naive Beaten by naive No statistical difference

Panel A: stock universe (10000 observations)
mv(in-sample) 70.67 0.00 29.33
min 0.71 2.78 96.51
mv 0.63 15.49 83.88
mv-c 1.36 5.09 93.55
min-c 3.18 0.28 96.54
mv-norm 0.67 3.18 96.15
bayes 2.39 1.66 95.95
three-fund 0.35 2.8 96.85
1/N-mv 0.5 15.2 84.3
1/N-bayes 4.7 1.3 94
1/N-three-fund 0.51 10.61 88.88
volatility timing 1.58 1.89 96.53
reward-to-risk timing 0.53 6.89 92.58
Panel B: Estimation window higher than 120 months (6729 observations)
mv(in-sample) 73.35 0.00 26.65
min 1.03 2.24 96.73
mv 0.68 11.18 88.14
mv-c 1.49 2.94 95.57
min-c 3.88 0.12 96.00
mv-norm 0.97 2.41 96.63
bayes 3.49 2.43 94.08
three-fund 0.51 4.09 95.40
1/N-mv 0.73 22.21 77.06
1/N-bayes 6.87 1.90 91.23
1/N-three-fund 0.75 15.50 83.75
volatility timing 2.31 2.76 94.93
reward-to-risk timing 0.77 10.07 89.16
Panel C: Holding period is higher than 120 months (5187 observations)
mv(in-sample) 69.65 0.00 30.35
min 0.60 3.37 96.03
mv 0.62 20.45 78.93
mv-c 1.72 5.03 93.25
min-c 3.80 0.12 96.09
mv-norm 0.52 3.74 95.74
bayes 4.68 3.25 92.06
three-fund 0.69 5.49 93.83
1/N-mv 0.98 29.79 69.23
1/N-bayes 9.21 2.55 88.24
1/N-three-fund 1.00 20.80 78.20
volatility timing 3.10 3.70 93.20
reward-to-risk timing 1.04 13.50 85.46
Panel D: Simultaneous restrictions the same as B, and C (3522 observations)
mv(in-sample) 73.45 0.00 26.55
min 0.85 2.87 96.28
mv 0.62 14.17 85.21
mv-c 1.82 2.56 95.63
min-c 4.49 0.11 95.40
mv-norm 0.74 2.87 96.39
bayes 6.88 4.78 88.34
three-fund 1.01 8.06 90.93
1/N-mv 1.44 43.77 54.79
1/N-bayes 13.53 3.74 82.72
1/N-three-fund 1.47 30.55 67.98
volatility timing 4.55 5.44 90.01
reward-to-risk timing 1.53 19.84 78.64
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overall the performance of strategies is poor relative to the 1/N rule. For example, in the

case of min-c strategy, the percentage of cases in which it beats the 1/N rule increases from

3.18% when no restriction is adopted to 3.88% when the estimation window is greater than

120 months.

It can also be that a short holding-window leads to a lower number of out-of-sample

returns and, therefore, we may not have enough observations for a statistically significant

test between the strategies’ Sharpe ratios; in other words, in short sample sizes, it is harder

to say that the difference is significant. We consider a case where the holding period is

greater than 10 years (120 months). The results are presented in Panel C of Table 4. The

relative performance of the strategies does not change much, basically supporting the robust

performance of our significance test between the out-of-sample Sharpe ratios: increasing

the holding period length (number of observations of out-of-sample returns) does not have a

meaningful impact on the Sharpe ratio’s statistical difference test. The best strategy relative

to the 1/N rule is the 1/N-bayes strategy: this strategy beats the naive strategy in 9.21% of

the total number of specifications; it is beaten by the 1/N rule 2.55% of the time and in the

rest of the specifications, 88.24%, there is no statistical difference between this strategy and

the 1/N rule.

In addition, we also include the results for when both restrictions in Panel B and C

are imposed. In Panel D of Table 4, we report these results. Again, we observe the same

relatively poor performance of mean-variance strategies to the 1/N rule. Comprehensively,

the performance of strategies relative to the 1/N rule increases. The best strategy is 1/N-

bayes and it wins over the 1/N rule 13.53% of the time, and the bayes strategy that wins over

the 1/N rule 6.88% of the time. These two strategies are based on the Bayesian estimation of

means, and since the underlying assets in the opportunity sets are stocks, a cleaner estimation

of means can be crucial in dealing with estimation error problems in Markowitz investing.

It can also be that, for the individual stocks, the covariance matrix is further away

from a singular matrix and this causes the poor performance of the strategies out-of-sample.
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In other words, a random selection of the stocks may deliberately result in a non-singular

covariance matrix and, therefore, results in poor performance of the strategies. In order to

control for this, we compute the reciprocal condition numbers for the covariance matrices

in each of the stock opportunity sets. This number is a scale-invariant measure that tells

us how close a given matrix is to the set of singular matrices. If the reciprocal condition

number is near zero, the matrix is nearly singular and badly conditioned. On the other hand,

if the number is close to 1, the matrix is well-conditioned. The conditional number (κ) is the

product of the norm of the matrix and the norm of its inverse and is between 0 and 1. For

each specification, we compute the reciprocal condition number for the covariance matrix

of returns in the estimation window. The results for the strategy’s performance relative to

the 1/N rule are presented in Appendix B9. We clearly observe that this restriction does not

influence the relatively poor performance of the mean-variance strategies to the naive 1/N

strategy.

In additional experiments, we focus our analysis on portfolios instead of individual stocks.

In the procedure to randomly generate investors’ opportunity sets, we generate a random

number P for the number of portfolios in the opportunity set and then randomly generate

N , the number of stocks in the portfolio. We fix N since we assume each portfolio in an

investor’s opportunity set holds the same number of stocks (with different randomly chosen

stocks in each portfolio). Our assumption here is that each investor is choosing portfolios of

stocks to invest in: they pick up a fixed number of stocks randomly and bundle them together

as an asset in their investment opportunity set. This case has been considered by Bloomfield

et al. (1977). In addition, our results follow the same conclusions if we also randomly select

the number of stocks in each portfolio in the opportunity set; that is, for each portfolio in the

opportunity set, we randomly select a number N as the number of stocks and then select N

stocks and bundle them together. The main idea behind having portfolios as an investment

vehicle is that portfolios are assumed to have a lower idiosyncratic risk and, therefore, can

9We present the results of the mean-variance strategy and the constrained mean-variance extensions. For
the rest of the strategies, the results follow the same pattern.
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give persistent expected returns estimates. In result, we expect a better relative performance

of the mean-variance strategies.

The results for the case of portfolios is presented in detail in Appendix C. Overall, ap-

plying mean-variance strategies and their extensions to the case of portfolios improved their

out-of-sample performance relative to the 1/N rule. There are strategies that keep perform-

ing poorly even in the case of portfolios. For example, mv-norm or three-fund strategies beat

the 1/N rule only in 0.56% and 1.74% of the specifications, respectively. However, there are

strategies that perform well. For example, the min-c and volatility-timing strategies beat

the 1/N rule 10.94% and 13.14% of the time, respectively. And when the constraints of

the estimation window and holding periods greater than 120 months are applied, min-c and

volatility-timing strategies end up beating the 1/N rule 15.72% and 38.38% of the time,

respectively. However, we should keep in mind that an in-sample, mean-variance strategy is

beating the naive strategy 89.63% of the time, and what we achieve from an out-of-sample

strategy is still far from what we should be earning.

3.2. Portfolios sorted on characteristics

Next, we investigate the case where investors’ opportunity set consists of characteristic-

based portfolios. We construct a pooled dataset where the portfolios based on different

characteristics are included. The performance of the mean-variance strategy is dependent

on the estimates of the mean. When assets under analysis are stocks, mean estimation has

two problems: (i) mean estimation is imprecise over a short period of time and (ii) over a

long period of time, means may not be constant. An approach to get around this problem

is to use characteristic-based portfolios: as Campbell (2017) states, ”... the characteristics

of companies are likely to be more stably related to expected returns than are the names of

those companies.” Accordingly, characteristic-based portfolios are used as the base dataset

for comparing portfolio strategies in different papers. (DeMiguel et al., 2007, 2009; Tu and

Zhou, 2011). To take this point into account, we build a pooled dataset of characteristic-
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based portfolios, which consists of portfolios that are dependent on a particular characteristic

of the firms in the market and, therefore, they are expected to show a relevant persistence

in their expected return estimates. The list of datasets is provided in Appendix A.

3.2.1. Portfolios sorted on characteristics: Summary Statistics

We generate 10,000 specifications using characteristic-based portfolios as the underlying

asset in the investor’s opportunity set. The summary statistics of out-of-sample Sharpe

ratios and the input variables to strategy comparison are presented in Table 5. Looking at

the average out-of-sample Sharpe ratios in Table 5: Panel A, we observe that the Markowitz

rules are performing better than the cases with stocks (or randomly generated portfolios)

in the opportunity set. The 1/N rule is earning an average 0.165 monthly out-of-sample

Sharpe ratio across all the specifications while Markowitz-based rules earn consistently higher

average Sharpe ratios than the 1/N rule. For example, min strategy earns an average of 0.214

and the mv strategy earns an average monthly Sharpe ratio of 0.247. Next, navigating the

minimum and maximum values across the strategies, we observe that the naive 1/N rule

earns a minimum of -0.676 and a maximum of 2.438 while, for example, the min-c strategy

earns a minimum of -0.667 and a maximum of 2.493. Overall, an investor investing across

all of the randomly generated specifications is expected to earn higher average Sharpe ratios

out-of-sample than the 1/N rule by following the Markowitz rule or any of its extensions to

minimize the estimation error. The highest average out-of-sample Sharpe ratio is earned by

a three-fund strategy (0.252) that is higher than that of the 1/N rule (0.165).

Looking at the characteristics of the opportunity sets, we observe that the opportunity

sets composed of characteristic-based portfolios are less volatile relative to stock-based op-

portunity sets. For example, the average standard deviation of the opportunity sets with

characteristic-based portfolios is 0.0588, which is lower than the average standard deviation

in the case of stocks (0.082). In addition, characteristic-based opportunity sets are nega-

tively skewed with a mean average skewness value of -0.351. Note that the opportunity sets
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Table 5: Summary Statistics - Characteristic-based Portfolios
This table reports the summary statistics for the out-of-sample Sharpe ratios and input-variables to strategy evaluation. We
generate a dataset of randomly generated specifications for evaluating out-of-sample performance of strategies and also 1/N
rule. Each of investors’ opportunity set is randomly chosen from all the characteristic-based portfolios listed in Appendix A.
The number of portfolios in the opportunity set is randomly chosen between 5 to 110. The estimation window is randomly
selected to be higher than the number of portfolios in the opportunity set and lower than 240 months. The holding period
is between 6 months and 240 months. We choose the start period randomly between the start of the data (Jan 1965) and
(624 − estimationwindow − holdingperiod). The risk aversion coefficient, λ is randomly chosen between 1 to 15. δ is chosen
to be randomly between 1% to 20%. η is randomly chosen between 1 to 10. For each randomly generated specification, we
compute the out-of-sample Sharpe ratios for each strategy. We generate 10,000 observations in our dataset.

Mean Std Min Max
Panel A: Out-of-sample Sharpe ratio
1/N 0.165 0.136 -0.676 2.438
min 0.214 0.183 -0.889 1.845
mv 0.247 0.206 -1.076 2.448
mv-c 0.190 0.147 -0.680 2.242
min-c 0.189 0.150 -0.664 2.493
mv-norm 0.224 0.187 -0.887 1.881
bayes 0.175 0.182 -1.078 2.659
three-fund 0.252 0.218 -1.671 5.336
1/N-mv 0.245 0.215 -2.275 5.381
1/N-bayes 0.190 0.174 -2.263 3.129
1/N-three-fund 0.250 0.216 -1.525 5.469
volatility-timing 0.187 0.141 -0.996 4.007
reward-to-risk 0.192 0.143 -0.855 2.444

Panel B: Investor’s opportunity set
average std 0.0588 0.00698 0.0296 0.118
average skewness -0.351 0.477 -2.330 1.381
average kurtosis 5.494 1.518 2.048 12.41

Panel C: Input variables
estimation window 149.0 56.01 9 240
holding period 122.4 67.82 6 240
number of portfolios 57.74 30.51 5 110
start Period 181.7 116.4 1 560
λ 8.002 4.328 1 15
δ 0.104 0.0577 0.01000 0.200
η 5.491 2.877 1 10
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composed of stocks is positively skewed with an average value of 0.226. Additionally, looking

at the kurtosis level, we observe that the opportunity sets in Panel B of Table 5 have a higher

kurtosis value of 5.494 than the one for stocks of 4.631.

In Table 5: Panel C, we observe the input variables for the strategies’ comparisons. As

was explained, the estimation window is generated randomly from 9 to 240 months and the

holding period from 6 to 240 months. The number of portfolios in the opportunity set is

randomly chosen from 5 to 110. Then the start period is chosen randomly from 1 (January

1965) to 560 (560 months after the start of the sample). We also have the investors’ risk

aversion, λ, randomly generated from 1 to 15, where the investors in our sample have an

average risk aversion of 8. Finally, we have the δ chosen for the norm-constrained portfolios

from 1% to 20% and η randomly chosen from 1 to 10.

3.2.2. Portfolios sorted on characteristics: relative performance

Let us review the performance of the Markowitz rule relative to the 1/N rule. From Table

6, we clearly observe that, in general, the strategies perform better for the characteristic-

based portfolios compared to stocks. For example, the mean-variance strategy in its sample-

based form, mv, wins over the 1/N rule in 16.87% of the specifications and adding the short-

selling constraints, the strategy wins over the 1/N rule 27.99% of the time. This higher

winning rate compared to stocks is justified knowing that characteristic-based portfolios

advocate a more persistent level of expected returns compared to stocks. In addition, when

adding short-selling constraints, performance increases due to the shrinkage effect of short-

selling constraints on the covariance matrix (explained in Jagannathan and Ma (2003)).

Moreover, we have the norm-constrained mean-variance strategy winning 11 % of the time.

This tells us that imposing norm-constraints on the mean-variance strategy actually decreases

the winning potential of the strategy compared to the 1/N rule. We also see that the

minimum-variance strategy (min) is winning over the 1/N rule 9.7% of the time, and adding

the short-selling constraint leads to an increase in the percentage of winning over the 1/N
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rule to 13.9%. The mixed strategies, 1/M-mv, 1/N-bayes, and 1/N-three-fund also perform

better in characteristic-based portfolios: they win over the 1/N rule in 15.7%, 19.28%, and

12.66% of the specifications, respectively. However, we should keep in mind that Tu and

Zhou (2011) supported these strategies’ superior performance to the 1/N rule; but, our

results show that they do not persistently out-perform the 1/N rule, and there are a large

set of specifications that the 1/N wins. Among all the strategies evaluated in this paper,

the timing strategies manage to perform well. In particular, the reward-to-risk strategy

manages to beat the 1/N rule in 29.32% of the 10,000 specifications and loses only in 1.71%.

Overall, from Table 6: Panel A, we learn that, across the characteristic-based portfolios, the

mean-variance strategy and its extensions to minimize the estimation error perform better

than the 1/N rule in more cases than when they are applied across stocks or randomly built

portfolios; however, they are still far away from what we expect in a theory that is winning

the 1/N rule 89.24% of the time.

Table 6 (Panels B, C and D) address several concerns. In Panel B, we present the results

for the cases where the estimation window is higher than 120 months, observing that the

percentage of the Beating Naive scenario increases across the strategies. For example, in

the case of min strategy, the percentage of Beating Naive increases from 9.7% to 10.77%.

The strategy with the best performance is the reward-to-risk timing strategy that wins over

the naive 42.88% of the time loses only 2.50% of the time, and is statistically indifferent to

the 1/N rule 54.61% of the time. In addition, the mean-variance strategy with short-selling

constraint shows a relatively good performance: it beats the 1/N rule in 30.67% and loses

only in 1.81% of the specifications.

In panel C of Table 6, we restrict the holding period to be greater than 120 months.

We observe that the percentages in the Beating Naive scenario increase relative to when

no restriction is applied. For example, without any restriction, the mv-norm strategy wins

only 10.98% of the time across all the 10,000 specifications, and when applying the holding

period restriction, the mv-norm strategy wins 12.68% of the time. This comes from our
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Table 6: Who beats 1/N rule - Characteristic-based Portfolios
This table reports the percentage of times that the strategies beat 1/N rule (Beating Naive), 1/N rule beats the strategies
(Beaten by Naive) or there is no statistical difference (No Statistical Difference). Each of investors’ opportunity set is randomly
chosen from all the characteristic-based portfolios listed in Appendix A. The number of portfolios in the opportunity set is
randomly chosen between 5 to 110. The estimation window is randomly selected to be higher than the number of portfolios
in the opportunity set and lower than 240 months. The holding period is between 6 months and 240 months. We choose the
start period randomly between the start of the data (Jan 1965) and (624 − estimationwindow − holdingperiod). The risk
aversion coefficient, λ is randomly chosen between 1 to 15. δ is chosen to be randomly between 1% to 20%. For each randomly
generated specification, we compute the out-of-sample Sharpe ratios for each strategy. We generate 10,000 observations in our
dataset. For each randomly generated specification, we compute the out-of-sample Sharpe ratios for each strategy. We apply
the method of Ledoit and Wolf (2008) to compute the p-values of statistical difference between the Sharpe ratios. The numbers
are in percentages.

Beating Naive Beaten by naive No statistical difference

Panel A: All universe (10000 observations)
mv(in-sample) 89.24 0.00 10.76
min 9.7 2.32 87.98
mv 16.87 1.91 81.22
mv-c 27.99 2.39 69.62
min-c 13.88 2.12 84
mv-norm 10.98 2.18 86.84
bayes 18.52 3.8 77.68
threefund 13.94 4.1 81.96
1nmv 15.7 2.04 82.26
1nbayes 19.58 3.53 76.89
1nthreefund 12.66 2.68 84.66
volatility 18.26 1.57 80.17
rewardtorisk 29.32 1.71 68.97
Panel B: Estimation window higher than 120 months (6807 observations)
mv(in-sample) 92.11 0.00 7.89
min 10.77 0.85 88.38
mv 18.57 1.07 80.36
mv-c 30.67 1.81 67.52
min-c 13.66 1.25 85.09
mv-norm 12.40 0.75 86.85
bayes 27.09 5.56 67.35
three-fund 20.39 6.00 73.61
1/N-mv 22.96 2.98 74.05
1/N-bayes 28.64 5.16 66.20
1/N-three-fund 18.52 3.92 77.56
volatility timing 26.71 2.30 71.00
reward-to-risk timing 42.88 2.50 54.61
Panel C: Holding period is higher than 120 months (5086 observations)
mv(in-sample) 91.64 0.00 8.36
min 11.21 2.75 86.04
mv 20.63 2.32 77.05
mv-c 38.01 2.50 59.50
min-c 16.22 2.04 81.73
mv-norm 12.68 2.62 84.70
bayes 36.45 7.48 56.07
three-fund 27.44 8.07 64.50
1/N-mv 30.90 4.01 65.09
1/N-bayes 38.54 6.95 54.52
1/N-three-fund 24.92 5.27 69.81
volatility timing 35.94 3.09 60.97
reward-to-risk timing 57.71 3.37 38.93
Panel D: Simultaneous restrictions the same as B, and C (3421 observations)
mv(in-sample) 94.33 0.00 5.67
min 12.86 0.70 86.44
mv 22.27 1.46 76.26
mv-c 41.95 2.13 55.92
min-c 15.05 1.43 83.51
mv-norm 14.70 0.61 84.68
bayes 52.27 10.73 37.00
three-fund 39.35 11.57 49.08
1/N-mv 44.31 5.76 49.93
1/N-bayes 55.26 9.96 34.77
1/N-three-fund 35.73 7.56 56.70
volatility timing 51.54 4.43 44.03
reward-to-risk timing 82.75 4.83 12.42
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significance test based on Ledoit and Wolf (2008) having more observations to analyze the

relative performance of the strategies. Interestingly, the best performance comes from the

reward-to-risk strategy that wins over the 1/N rule in 57.71% of the 10,000 specifications.

In Panel D, we include both the estimation window and holding period restrictions. We

observe that in applying both of these restrictions, insignificant cases decrease. The results

become much more favorable of our strategies. The mv-c strategy ends up beating the 1/N

rule 41.95% of the time while applying the bayes rule results in beating the 1/N rule in 52.27%

of the 3,421 specifications. The best performance comes from the reward-to-risk strategy

that beats the 1/N rule 82.75% of the time and loses only 4.83% of the time. Compared to

the in-sample performance of the mean-variance strategy (beating the 1/N rule 94.33% of

the time), the reward-to-risk strategy shows good performance. However, we should have in

mind that this performance comes from restricting our specifications set three-fold: (i) the

opportunity set is composed of characteristic-based portfolios; (ii) we have at least 10 years

of data available in the estimation window; and (iii) we hold our portfolio for at least 10

years.

4. So when to use what?

What if we want to beat the 1/N rule? Can we pick assets, strategies, and strategy

specifications to do so? This is what we address in this section.

To start our analysis, let us analytically study the determinants of strategy’s performance

under uncertainty (We follow Kan and Zhou (2007) and DeMiguel et al. (2007)). Consider

an investor who decides to invest in N assets using the weight vector x to maximize her

mean-variance utility function. The optimization problem for this investor is as follows:

max
x

U(x) = xTµ− λ/2xTΣx

Optimizing the above objective function, we get the optimal weights of x∗ = 1
λ
Σ−1µ and
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it gives us the maximum utility of U(x∗) = 1
2λ
µTΣ−1µ = 1

2λ
S2
∗ with S2

∗ being the squared

Sharpe ratio of the portfolio. Although this is what we have in theory, in reality, we do not

know the true means, µ, or the covariance matrix, Σ, and any values we plug-in to find the

optimum weights will suffer from a utility loss. Let us say our estimated portfolio has a

weight vector of x̂, then compared to the true optimal weights allocation, x∗, we lose:

L(x∗, x̂) = U(x∗)− E(U(x̂))

On the other hand, consider the weights invested according to the 1/N rule to be x1/N ;

then our utility loss when using the 1/N rule is:

L(x∗, x1/N) = U(x∗)− E(U(x1/N))

In real-world applications of the mean-variance strategy, in order to beat the 1/N rule, we

just need our utility loss, L(x∗, x̂), to be lower than when applying the 1/N rule, L(x∗, x1/N),

so we need to have:

L(x̂, x1/N) = L(x∗, x1/N)− L(x∗, x̂) > 0 (1)

To examine this, DeMiguel et al. (2007) (by extending the analysis in Kan and Zhou

(2007)) took into account the uncertainty in the estimation of expected returns (µ) and the

covariance matrix (Σ) and showed that beating the 1/N rule for the mean-variance strategy

under uncertainty is a function of the length of estimation window, (M), and the number of

assets in the investor’s opportunity set, (N).

So what about other characteristics of the datasets? When selecting assets for the oppor-

tunity set, we can pick assets with various statistical characteristics such as different mean

and variance levels. Can these choices influence the beating the 1/N rule contest? We look

into this by building on the proofs in Kan and Zhou (2007), DeMiguel et al. (2007), and Li
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(2016).

We show that for the mean-variance strategy to beat the 1/N rule, the loss function in

equation 4 should be positive. And when does that happen? We adopt the approach in Kan

and Zhou (2007) and DeMiguel et al. (2007). They considered three cases to investigate

the uncertainty in the estimation of expected returns (µ) and the covariance matrix (Σ)

into the portfolio construction process. Three conditions are considered: first, µ is unknown

but Σ is known; second, µ in known but Σ is unknown, and third, both µ and Σ are

known. Considering these three cases, we aim to investigate the conditions under which

the 1/N rule is expected to result in a lower or higher expected loss than using the mean-

variance rule conditioned on the characteristics of the assets opportunity set. We considered

two characteristics: (i) expected returns distribution: the dispersion of the expected returns

and the average of expected returns of the assets in the opportunity set and (ii) variance

distribution: the dispersion of the variances and the average of variances of assets in the

investors’ opportunity set.

Let us start with the dispersion of the expected returns and the average of expected

returns of the assets in the opportunity set. These are characteristics of the datasets and

one can argue that the dispersion of the mean values can help the mean-variance strategy

actually beat the 1/N rule (this is the conclusion in Li (2016)). We show that this is not

always the case: it is not that we pick assets with a high dispersion of expected returns and

this results in beating the naive strategy.

The dispersion in the vector of expected returns of securities in the opportunity set is

applied by assuming µ = ϕµ̃. This way, by increasing ϕ, we manage to increase the dispersion

of expected returns in the dataset and the average value of expected returns. Proposition 1

derives conditions under which the expected returns distribution can influence the battle of

Markowitz and Talmud.

Proposition 1. Consider L(x̂, x1/N) = L(x∗, x1/N) − L(x∗, x̂). Denote the mean vector

of returns as µ = ϕµ̄ where µ̄ is a benchmark vector of mean returns of N assets.
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1. If µ is unknown and Σ is known, mean-variance performs better than 1/N rule if:

L(x̂, x1/N) =
ϕ2

2λ
(S̄2
∗ − S̄2

1/N) > 0

where S̄2
∗ and S̄2

1/N are the square of Sharpe ratios of efficient mean-variance portfolio

and 1/N portfolio with the benchmark mean returns, µ̄.

2. If µ is known and Σ is unknown, mean-variance performs better than 1/N rule if:

L(x̂, x1/N) =
ϕ2

2λ
(kS̄2

∗ − S̄2
1/N) > 0

where k is

k = f(N,M) =
M

M −N − 2
(2− M(M − 2)

(M −N − 1)(M −N − 4)
)

3. If µ is unknown and Σ is unknown, mean-variance performs better than 1/N rule if:

L(x̂, x1/N) =
ϕ2

2λ
(kS̄2

∗ − S̄2
1/N − h) > 0

where h is

h = g(N,M) =
NM(M − 2)

(M −N − 1)(M −N − 2)(M −N − 4)

We consider µ = ϕµ̃, which means if ϕ increases, for a positive vector of means, we get a

higher dispersion of mean returns in our asset opportunity set, and we get a higher average

value of mean returns.

So what does Proposition 1 indicate? This proposition argues that if µ is unknown and

Σ is known, then using assets with a high dispersion of returns results in higher differences

between the mean-variance strategy and the 1/N rule. We can look at this in another way:

if the investor knows the vector of means, then in order to increase the difference to the 1/N

rule, Proposition 1 advocates having assets in the opportunity set with a higher dispersion of
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expected returns. However, when Σ is unknown, a higher dispersion of expected returns of

assets in the investors’ opportunity set helps to increase the chance of 1/N winning only when

the Markowitz prescription is already performing better than the 1/N rule. For example,

in the case of known µ and unknown Σ, the parameter k acts as the punishment for not

knowing the Σ. k is dependent on the number of assets in the opportunity set, N , and

the estimation window, M , only when we set these values in such a way that kS̄2
∗ > S̄2

1/N .

Then the dispersion of expected returns can help us increase the difference between the 1/N

rule and mean-variance strategy (higher ϕ means higher L(x̂, x1/N)). In other words, first

our strategy needs to beat the 1/N rule; if this is the case, then increasing the dispersion

of expected returns adds up to the difference between the 1/N rule and the mean-variance

strategy.

Next, we analyze the impact of variances on the battle of Markowitz and Talmud. We

ask whether picking assets in a different range of variance values influences the choice of

using mean-variance over the 1/N rule. Proposition 2 shows the mechanism under which the

variance dispersion influences the mean-variance strategy’s performance relative to the 1/N

rule.

Proposition 2. Consider L(x̂, x1/N) = L(x∗, x1/N) − L(x∗, x̂). Denote the variance-

covariance matrix as Σ = ζ2Σ̃ where Σ̃ is a benchmark variance-covariance matrix of N

assets.

1. If µ is unknown and Σ is known, mean-variance performs better than 1/N rule if:

L(x̂, x1/N) =
1

2ζ2λ
(S̄2
∗ − S̄2

1/N) > 0

where S̄2
∗ and S̄2

1/N are the square of Sharpe ratios of efficient mean-variance portfolio

and 1/N portfolio with the benchmark mean returns, µ̄.

2. If µ is known and Σ is unknown, mean-variance performs better than 1/N rule if:
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L(x̂, x1/N) =
1

2ζ2λ
(kS̄2

∗ − S̄2
1/N) > 0

where k is

k = f(N,M) =
M

M −N − 2
(2− M(M − 2)

(M −N − 1)(M −N − 4)
)

3. If µ is unknown and Σ is unknown, mean-variance performs better than 1/N rule if:

L(x̂, x1/N) =
1

2ζ2λ
(kS̄2

∗ − S̄2
1/N − h) > 0

where h is

h = g(N,M) =
NM(M − 2)

(M −N − 1)(M −N − 2)(M −N − 4)

.

Note, that by increasing ζ, we are actually only increasing the variances from the bench-

mark set of assets in the opportunity set while keeping the correlations constant. Knowing

the relation between the correlation and the variances, that is covi,j = σiσjρi,j, then multi-

plying the covariance matrix by a constant ζ2 will multiply both sides by it and keep the

correlations the same as they were.

Proposition 2 argues that when µ is unknown and Σ is known, since we already know that

S̄2
∗ > S̄2

1/N), increasing the variance dispersion in the opportunity set increases the difference

between the 1/N rule and Markowitz prescription (L(x̂, x1/N) > 0). However, in the cases

where we do not know the Σ, we first need to make sure kS̄2
∗ − S̄2

1/N > 0 (for known µ and

unknown Σ) or kS̄2
∗ − S̄2

1/N −h > 0 (for unknown µ and unknown Σ), and only by then does

increasing the dispersion of assets’ variances in the opportunity set increase the difference

between the 1/N rule and mean-variance strategy.

Apart from means and variances, the assets opportunity set also imposes characteristics
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that have not been considered in the mean-variance analysis. The Markowitz prescription

works by assuming assets’ returns are described by their means and variances; however,

assets can have additional characteristics such as skewness and kurtosis that can influence

the battle of the 1/N rule and mean-variance strategy. Moreover, the proofs provided so

far are focused on the mean-variance strategy and do not explain the dependency of other

strategies on the specifications imposed in the strategy comparison. We address the above

issues using a logistic regression study.

In our logit regression analysis, as the dependent variable, we construct a zero-one variable

as follows: the dependent variable Y Strategyk
i is equal to 1 for specification i and strategy k

if two conditions are satisfied: 1) Out-of-sample Sharpe ratio of strategy k is higher than

that of the 1/N rule and 2) the difference between Sharpe ratios is statistically significant

at the 10% significance level. This variable tells us when we can beat the naive 1/N rule

using strategy k with statistical significance10. Next, we assume the marginal probability of

significant out-performance of strategy k over the 1/N rule follows a logistic distribution:

Pi(Y
Strategyk = 1) =

1

1 + exp(−α− βXi)

where Xi is the vector of explanatory variables. A higher level of α + βXi implies a

higher probability of a significant win of strategy k over the 1/N rule. Why should we look

at the probability of beating the 1/N rule? The literature on portfolio selection looks at

beating the 1/N rule as a black and white issue: we either beat the 1/N rule or not. What

we advocate in this paper is that in using any approach to tackle the estimation error or in

applying any strategy, beating the 1/N rule is also dependent on how we set the stage for

competition between the strategies. Imagine two runners competing for a prize: depending

on the conditions of the run (the distance, the weather, etc.), the winner could be different.

Following DeMiguel et al. (2007) and Kan and Zhou (2007), we know that the number of

10But, what about when to use the 1/N rule? Since applying the 1/N rule is not costly - we just need to
divide our money equally. In this paper, we do not investigate when to apply the 1/N rule. Simply, in the
cases where the mean-variance is not applied, we can use the 1/N rule.
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stocks (N) and the estimation window (M) are influential in beating the 1/N rule11. Since the

proof in Kan and Zhou (2007) is written under the assumption of the multivariate normality

of returns, and we know returns may not follow this distribution, we also consider the average

skewness and kurtosis of the returns in the estimation window of assets in the opportunity

set as the independent variable. Apart from these, we also consider holding period as an

independent variable. This variable is considered the independent variable because a higher

number of observations can drive the dependent variable, a higher number of observations

may influence the chances of finding a significant difference between the benchmark rule and

the strategy. In addition, we consider the specific input parameters to some of the strategies

as the independent variable in our regressions: the mv-norm strategy works with δ to set

up the norm-constraints; the timing strategies receive as an input the timing aggressiveness

coefficient, η.

We have three types of assets in the opportunity sets: stocks, portfolios, and characteristic-

based portfolios. In addition, we have 12 different strategies, which means 36 individual

regressions. In order to save space, we provide the regression details in Appendix D and

focus our results in the paper on the percentage change in the probability of beating 1/N for

a one standard deviation change in the independent variables12. The results are summarized

in Table 7. The idea is to compute the proportional impact on the probability of beating

the naive strategy as we increase each independent variable by one standard deviation, while

other explanatory variables are set to their mean values.

Let us discuss the results. Estimation window has a direct influence on the probability

of beating the naive across all the three forms of underlying assets in the opportunity set.

11The reason we make this claim comes from the proof in DeMiguel et al. (2007). They extended the
theoretical analysis in Kan and Zhou (2007) and showed that when both µ and Σ are unknown, the mean-
variance strategy beats the 1/N rule when kS2

∗ − S2
1/N − h > 0, where S2

∗ is the squared Sharpe ratio of the

mean-variance strategy (when we know µ and Σ ) and S2
1/N is the squared Sharpe ratio of the naive 1/N

portfolio; k = f(N,M) = M
M−N−2 (2 − M(M−2)

(M−N−1)(M−N−4) ) and h = g(N,M) = NM(M−2)
(M−N−1)(M−N−2)(M−N−4) .

k and h work as punishments for not knowing the true µ and Σ, and they are a function of the number of
assets in the opportunity set of the investor, N , and the estimation window, M .

12We report the results for portfolios in Appendix E.
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Table 7: Marginal probabilities of Beating Naive.
This table reports the percentage change in the probability of beating naive for one standard deviation change in the independent
variable. We generate a large set of specifications by randomly setting the investors opportunity sets and the input variables
to the portfolio strategy comparisons and in each specification, we compare the out-of-sample Sharpe ratio of the underlying
strategy k to 1/N rule. If strategy k has higher out-of-sample Sharpe ratio than naive 1/N rule and the difference is also
significant at 10% level, we set Y Strategyk equal to 1. Next, we run the following regression for each strategy k: Pi(Y

Strategyk =
1) = 1

1+exp(−α−βXi)
and compute the marginal probabilities with respect to one standard deviation change in the explanatory

variables. The investors opportunity set is composed of stocks (panel A), portfolios (panel B) and characteristic-based portfolios
(panel c). The numbers are in percentages.

Estimation window Holding period Number of assets Skewness Kurtosis δ η

Panel A: Stocks
mv 101.68 16.87 -31.19 38.45 -27.63
gmv 68.07 -15.17 -41.92 45.67 -5.62
mv-c 22.91 22.15 5.32 76.70 -20.74
min-c -8.66 30.66 26.85 67.84 -6.87

mv-norm 58.09 -8.43 -43.59 64.38 -0.24 2.80
bayes -7.60 10.83 28.80 41.35 3.51

three-fund 58.04 -22.98 -49.67 23.03 10.85
1/N-mv 36.33 -28.82 -20.06 40.10 11.33

1/N-bayes -8.67 20.52 39.04 55.91 3.22
1/N-three-fund 66.60 -21.27 -47.35 31.13 7.81
volatility timing 14.53 27.06 3.57 114.04 -20.69 -92.57

reward-to-risk timing 39.31 -29.50 10.82 79.57 -10.47 -40.15

Panel B: Characteristic-based Portfolios
mv 22.30 33.38 14.28 25.05 -22.47
gmv 37.75 28.84 -25.31 -2.90 -19.94
mv-c 22.28 57.54 17.48 25.16 -13.90
min-c 13.26 19.59 -4.22 -6.61 -27.87

mv-norm 42.29 28.89 -18.22 -0.27 -22.16 11.74
bayes 7.03 33.13 6.98 10.40 -4.49

three-fund 24.55 29.98 4.76 33.89 -11.60
1/N-mv 16.78 35.31 11.72 33.27 -15.45

1/N-bayes 3.37 37.11 16.04 20.52 -9.86
1/N-three-fund 24.87 29.84 5.02 34.15 -11.42
volatility timing -2.05 46.16 16.26 4.59 -11.38 -28.61

reward-to-risk timing 20.11 75.82 29.25 40.36 1.67 13.92
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For example, in the case of min strategy, for stocks in the opportunity set, increasing the

estimation window by one standard deviation increases the probability of beating the 1/N

rule by 68.07%. However, in the characteristic-based portfolios, the marginal impact is not

as high as it is for the stocks. For example, in the case of min strategy, increasing the

estimation window by one-standard deviation adds to the probability of beating the 1/N

rule by 37.75%.

The role of estimation window in determining our chances of beating the 1/N rule is

discussed in DeMiguel et al. (2007). They showed via a simulation that for mv strategy to

beat the 1/N rule, the estimation window should be around 3000 and 6000 months for a

portfolio of 25 and 50 assets, respectively. Since we have three types of assets, we can give

a specific asset-type a minimum estimation window length to beat the 1/N rule using the

outcomes of our empirical results. For the stocks, we find that we need at least 8800 monthly

observations in the estimation window for the sample-based mv strategy to beat the 1/N

rule with 100% probability, while the number of stocks is 47 and all other specifications are

set to their average values in Table 3. Moreover, for portfolios (values reported in Appendix

E), we need at least 3532 monthly observations when the average number of portfolios in

the opportunity set is 52 and all other specifications are set to their mean values in Table

C.1. Finally, in the case of characteristic-based portfolios, we need at least 1387 monthly

observations to make sure we beat the 1/N rule using a sample-based mv strategy when

the average number of assets in the opportunity set is 52 and all the other variables in the

specifications are set to their mean values in Table 5.

Holding period has a mainly positive impact on the probability of beating the 1/N rule.

The reason behind this effect partly comes from the process behind generating values equal

to one for the dependent variable in our logit regression analysis. We consider the dependent

variable to be equal to one if the difference between the Sharp ratio of the underlying strategy

and the 1/N rule is positive and significant at the 10% level. To verify this significance level,

we need a sufficient number of observations, and a higher holding period can help us verify
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the performance aptitude of the underlying strategy. To give an example of the relationship

between the holding period and the strategy’s performance, let us look at the mv-c strategy

in the characteristic-based portfolios: we observe that as we increase the holding period

by one-standard deviation, the probability of mv-c strategy beating the 1/N rule increases

by 22.28%. The impact of the holding period is much clearer for the characteristic-based

portfolios.

When looking at the number of assets in the opportunity set, the impact on the proba-

bility of winning the naive is not in the same direction across strategies and asset types. For

example, in the case of the minimum variance strategy, min, increasing the number of assets

decreases the chances of beating the 1/N rule: the marginal changes are -41.92%, -49.44%,

and -25.31% for stocks, portfolios, and characteristic-based portfolios, respectively. This can

be explained as the miracle of diversification embedded in the minimum-variance portfolio

comes from applying the art of optimization, but when increasing the number of assets in

the portfolio, due to the increasing estimation error, we fail to see the benefits of diversi-

fication from optimization and we can get these benefits from simple naive diversification.

On the other hand, there are other strategies that benefit from increasing the number of

available assets in the investors’ opportunity set. For instance, volatility-timing and reward-

to-risk timing strategies ask for a higher number of available assets in the opportunity set

of investors in order to beat the 1/N rule with higher probability: for characteristic-based

portfolios, increasing the number of assets in the opportunity set of investors increases the

probability of beating the 1/N rule for volatility-timing strategy by 16.26% and for reward-

to-risk timing strategy by 29.25%. In addition, assets in the portfolio that is applied in the

portfolios case in Panel B of Table 5 does not show a significant impact on the probability

of beating the 1/N rule.

We observe that the mean skewness level of assets in the opportunity set of investors

is influential in determining whether the underlying strategy beats the naive 1/N rule or

not. The overall impact of skewness on beating the naive 1/N rule is positive, meaning
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that investors who pick assets with positive skewness are more prone to beat the naive

strategy. For example, a one standard deviation increase in the mean skewness of stocks

in the investors’ opportunity set, increases the probability of beating the 1/N rule for the

min strategy by 45.67% and for the mv-c strategy by 76.70%. The highest influence of

skewness on beating the 1/N rule comes from volatility-timing strategy, which is 114.04%.

For portfolios, skewness plays the same positive role: for example, increasing mean skewness

by one standard deviation for mv-c strategy increases its chances of beating the 1/N rule

by 42.44%. In the case of characteristic-based portfolios, mean skewness of assets in the

opportunity set also increases the chances of beating the 1/N rule across the strategies.

For example, in characteristic-based portfolios, a one standard deviation increase in mean

skewness level increases the chances of mv-c strategy beating the 1/N rule by 25.16%.

Higher kurtosis of assets in the opportunity set, in general, means lower chances of

beating the 1/N rule, which is consistent across strategies and types of assets in Table 5. For

example, in the case of min-c strategy, increasing the mean kurtosis of characteristic-based

portfolios in the opportunity set decreases the chances of beating the 1/N rule by 27.87%

and this value for portfolios in Panel B is 26.00%. For mv-c strategy, which performs well in

characteristic-based portfolios, increasing mean kurtosis by one standard deviation decreases

the chances of beating the 1/N rule by 13.90%. Consider the case where we decrease the

mean kurtosis of the opportunity set in Panel C. In this case, the chances of beating the 1/N

rule for mv-c strategy increases from 28.0% to 33.46%.

Some parameters are specific to the strategies. For example, δ is used in mv-norm strat-

egy as the norm threshold in order to constrain the weights in the mean-variance strategy.

We find δ significantly influences the probability of beating the naive 1/N rule in the case

of characteristic-based portfolios in Panel C. Increasing the δ by one standard deviation

increases the probability of beating the 1/N rule by 11.74%. Moreover, the volatility-timing

and reward-to-risk strategies function by setting η, the timing aggressiveness coefficient. We

find η to have an overall negative impact on the probability of beating the naive across asset
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types. For example, for stocks, increasing η by one standard deviation decreases the chances

of beating the 1/N rule by 92.57% and 40.15% for volatility-timing and reward-to-risk timing

strategies, respectively. This negative effect is also present for characteristic-based portfolios.

5. Conclusion

We make several choices when comparing portfolio strategies. Not taking these choices

into account can result in conclusions that are not comprehensive. This is selection bias. We

control for selection bias by generating a large set of specifications and compare portfolio

strategies in all of the specifications. In order to generate the set of specifications, we

randomly set the input variables in the strategy evaluation (variables such as the number of

assets in the investor’s opportunity set, the estimation window, holding period, etc.), and

construct the investor’s opportunity set by randomly sampling from a large set of stocks or

characteristic-based portfolios.

Our main analysis investigated the conventional battle of mean-variance extensions and

the 1/N rule. For the set of strategies, we consider the pre- and post-DeMiguel et al.

(2007) paper. The strategies before the DeMiguel et al. (2007) study consist of the sample-

based mean-variance strategy, the sample-based minimum-variance strategy, strategies with

short-selling constraints, the Bayes-Stein Shrinkage portfolio, and the three-fund model.

After the DeMiguel et al. (2007) study, we have strategies that were proposed with the

promise of beating the 1/N rule. These strategies are the norm-constrained mean-variance

strategy, combined portfolios of Tu and Zhou (2011), and timing strategies. We compare

these strategies to the 1/N rule controlling for the selection bias. Our results show that

these strategies show poor performance compared to the 1/N rule, and we are far away from

out-of-sample what has been promised by Markowitz for in-sample.

We then ask how our decisions prior to investing can influence the performance relative to

the 1/N rule. We investigate this theoretically and empirically. Our theoretical proofs based
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on Kan and Zhou (2007) show that under uncertainty the dispersion of means and variances

of assets in the investors’ opportunity set influences the performance of strategies relative

to the naive strategy. Our empirical analysis is done by running logistic regressions and

computing the marginal probability of beating the 1/N rule, depending on the characteristics

of the opportunity set. The results show that characteristics such as skewness of assets in

the opportunity set can help increase a strategys chances of winning the naive strategy.

The decisions the investor makes prior to using the mean-variance analysis does influence

the outcome. Since using a mean-variance strategy is costly (we need to obtain the data

and the returns, find the best estimates, do the math, and come up with the weights), we

can use our analysis to come up with a decision on whether to use mean-variance strategy

or to simply divide our wealth and move on. It is basically telling the investors what type

of assets and which specification to use, if they decide to use the mean-variance strategy.

Future Research: We can develope an index on the overall performance of strategies in

portfolio selection while controlling for the selection bias.
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Appendices

A. List of characteristic-based portfolios

Table A.1: List of Characteristic-based Portfolios
This table presents the list of characteristic-based portfolios. These portfolios are constructed based on specific characteristic
of the stocks. These portfolios in total make a pooled set of 1035 assets.

Title Number of Portfolios

1 Portfolios Formed on Size 10
2 Portfolios Formed on Book-to-Market 10
3 Portfolios Formed on Operating Profitability 10
4 Portfolios Formed on Investment 10
5 Portfolios Formed on Size and Book-to-Market 100
6 Portfolios Formed on Size and Operating Profitability 100
7 Portfolios Formed on Size and Investment 100
8 Portfolios Formed on Book-to-Market and Operating Profitability 25
9 Portfolios Formed on Book-to-Market and Investment 25
10 Portfolios Formed on Operating Profitability and Investment 25
11 Portfolios Formed on Size, Book-to-Market, and Operating Profitability 32
12 Portfolios Formed on Size, Book-to-Market, and Investment 32
13 Portfolios Formed on Size, Operating Profitability, and Investment 32
14 Portfolios Formed on Size and Momentum 25
15 Portfolios Formed on Size and Short-Term Reversal 25
16 Portfolios Formed on Size and Long-Term Reversal 25
17 Industry Portfolios 49
18 Global Portfolios Formed on Size and Book-to-Market 25
19 European Portfolios Formed on Size and Book-to-Market 25
20 Japanese Portfolios Formed on Size and Book-to-Market 25
21 Asia Pacific ex Japan Portfolios Formed on Size and Book-to-Market 25
22 Global Portfolios Formed on Size and Operating Profitability 25
23 European Portfolios Formed on Size and Operating Profitability 25
24 Japanese Portfolios Formed on Size and Operating Profitability 25
25 Asia Pacific ex Japan Portfolios Formed on Size and Operating Profitability 25
26 Global Portfolios Formed on Size and Investment 25
27 European Portfolios Formed on Size and Investment 25
28 Japanese Portfolios Formed on Size and Investment 25
29 Asia Pacific ex Japan Portfolios Formed on Size and Investment 25
30 Global Portfolios Formed on Size and Momentum 25
31 European Portfolios Formed on Size and Momentum 25
32 Japanese Portfolios Formed on Size and Momentum 25
33 Asia Pacific ex Japan Portfolios Formed on Size and Momentum 25
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B. Controlling for covariance matrix singularity

It can be that due to random selection of stocks, we end up with a matrix that is singular

or close to a singular matrix. This can result in us concluding the better performance of 1/N

rule while it is not the case in reality. In order to control for this, we compute the reciprocal

condition number. This number is a a scale-invariant measure that tells us how close a given

matrix is to the set of singular matrices. If the reciprocal condition number is near zero,

the matrix is nearly singular and badly conditioned. On the other hand, is the number is

close to 1, the matrix is well conditioned. The conditional number (κ) is the the product of

the norm of the matrix and the norm of its inverse. The reciprocal condition number 1/κ

is between 0 and 1. For each specification, we compute the reciprocal condition number for

the covariance matrix of returns in the estimation window.

In our experiments, we consider three cases where we remove the (i) specifications with

rcond values lower than 0.001, (ii) specifications with rcond values lower than 0.01. The

results are provided in the following Table. In addition, we include a simaltanous restriction

case where (i) estimation window is higher than 120 months, (ii) holding period is higher

than 120 months, and (iii) specifications with rcond values higher than 0.001.
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Table B.1: Who beats who statistically -Stocks
This table reports the percentage of times that (Panel A) the strategies beat 1/N rule, (Panel B) 1/N rule beats the strategies
or (Panel C) there is no statistical difference. We generate a dataset of randomly generated specifications for evaluating out-
of-sample performance of Markowitz-based strategies and also 1/N rule. Each stocks opportunity set is randomly chosen from
all the shares in NYSE/AMEX, corrected for cheap shares and market capitalization, from Jan 1965 to Dec 2016. We remove
the stocks that have higher than ten consecutive zero returns in their sample life. The number of stocks in the opportunity
set is randomly chosen between 5 to 110. The estimation window is randomly selected to be higher than the number of stocks
and lower than 240 months. The holding period is between 6 months and 240 months. We choose the start period randomly
between the start of the data (Jan 1965) and (624−estimation−window−holding−period). The risk aversion coefficient, λ is
randomly chosen between 1 to 15. δ is chosen to be randomly between 1% to 20%. For each randomly generated specification,
we compute the out-of-sample Sharpe ratios for each strategy. We apply the method of Ledoit and Wolf (2008) to compute the
p-values of statistical difference between the Sharpe ratios. The numbers are in percentages.

Beating Naive Beaten by naive No statistical difference

Panel A: rcond is higher than 0.001 (4842 observations)
mv(in-sample) 53.61 0.00 46.39
min 1.05 1.82 97.13
mv 0.60 10.93 88.48
mv-c 1.28 3.86 94.86
min-c 2.95 0.41 96.63
mv-norm 1.05 2.04 96.90

Panel B: rcond is higher than 0.01 (1367 observations)
mv(in-sample) 15.99 0.00 84.01
min 1.24 3.20 95.57
mv 0.73 7.78 91.50
mv-c 1.45 3.63 94.91
min-c 1.89 0.44 97.67
mv-norm 0.94 2.62 96.44

Panel C: Simaltanous restrictions:
i) Estimation window higher than 120 months (10 years); ii) Holding period is higher than
120 months (10 years); and iii) rcond is higher than 0.001 (1984 observations)
mv(in-sample) 60.23 0.00 39.77
min 1.31 1.97 96.72
mv 0.45 10.38 89.16
mv-c 1.26 2.72 96.02
min-c 3.13 0.20 96.67
mv-norm 1.11 1.76 97.13
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C. Portfolios

Table C.1: Summary statistics- Portfolios with fixed number of randomly chosen stocks
This table reports the summary statistics. We generate a dataset of randomly generated specifications for evaluating out-of-
sample performance of Markowitz-based strategies and also 1/N rule. Each of investor’s opportunity sets is randomly chosen
from bundled stocks chosen from all the shares in NYSE/AMEX, corrected for cheap shares and market capitalization, from
Jan 1965 to Dec 2016. We generate a random number P for the number of portfolios in the opportunity set and next, we
randomly generate N that is the number of stocks in the portfolio. We fix N that is we assume each portfolio holds the same
number of stocks with different randomly chosen stocks in each portfolio in the opportunity set. The number of portfolios in
the investment opportunity set, P , is chosen randomly between 5 to 100. The number of stocks, N , in the opportunity set is
chosen randomly between 5 to 110. We generate 10,000 observations in our dataset.

Mean Std Min Max
Panel A: Out-of-sample Sharpe ratio
1/N 0.208 0.113 -0.910 1.350
min 0.166 0.136 -1.636 1.190
mv 0.193 0.129 -1.604 1.360
mv-c 0.209 0.113 -0.997 1.360
min-c 0.209 0.113 -0.910 1.351
mv-norm 0.166 0.136 -1.631 1.193
bayes 0.189 0.152 -2.376 2.177
three-fund 0.174 0.141 -1.320 2.261
1/N-mv 0.195 0.135 -1.619 2.365
1/N-bayes 0.208 0.123 -0.753 2.379
1/N-three-fund 0.171 0.138 -1.320 1.997
volatility timing 0.212 0.120 -0.750 2.349
reward-to-risk timing 0.210 0.120 -0.753 2.231

Panel B: Investor’s opportunity set
average std 0.0453 0.00683 0.0193 0.0822
average skewness -0.385 0.570 -2.503 1.666
average kurtosis 5.590 2.069 1.845 13.97

Panel C: Input variables
estimation window 145.4 56.69 5 240
holding period 124.2 68.21 6 240
number of portfolios 52.35 27.80 5 100
Number of stocks in the portfolio 59.72 23.31 20 100
start period 175.9 113.5 1 557
λ 8.061 4.349 1 15
δ 0.104 0.0578 0.010 0.200

56



Table C.2: Who beats 1/N rule - Portfolios with Fixed Number of Randomly Chosen Stocks
This table reports the percentage of times that the strategies beat 1/N rule (Beating Naive), 1/N rule beats the strategies (Beaten
by Naive) or there is no statistical difference (No Statistical Difference). Each of investor’s opportunity sets is randomly chosen
from bundled stocks chosen from all the shares in NYSE/AMEX, corrected for cheap shares and market capitalization, from
Jan 1965 to Dec 2016. We remove the stocks that have higher than ten consecutive zero returns in their sample life. We
generate a random number P for the number of portfolios in the opportunity set and next, we randomly generate N that is the
number of stocks in the portfolio. We fix N that is we assume each portfolio holds the same number of stocks with different
randomly chosen stocks in each portfolio in the opportunity set. The number of portfolios in the investment opportunity set,
P , is chosen randomly between 5 to 100. The number of stocks, N , in the opportunity set is chosen randomly between 5 to 110.
The estimation window is randomly selected to be higher than the number of stocks and lower than 240 months. The holding
period is between 6 months and 240 months. We choose the start period randomly between the start of the data (Jan 1965) and
(624 − estimation-window − holding-period). The risk aversion coefficient, λ is randomly chosen between 1 to 15. δ is chosen
to be randomly between 1% to 20%. For each randomly generated specification, we compute the out-of-sample Sharpe ratios
for each strategy. We apply the method of Ledoit and Wolf (2008) to compute the p-values of statistical difference between the
Sharpe ratios. The numbers are in percentages.

Beating Naive Beaten by Naive No statistical difference

Panel A: Whole universe (10000 observations)
mv(in-sample) 83.41 0.00 16.59
min 0.6 4.76 94.64
mv 6.08 3.3 90.62
mv-c 5.99 1.48 92.53
min-c 10.94 0.07 88.99
mv-norm 0.56 4.79 94.65
bayes 10.61 3.39 86
three-fund 1.74 8.87 89.39
1/N-mv 4.87 3.02 92.11
1/N-bayes 9.36 0.78 89.86
1/N-three-fund 1.38 6.07 92.55
volatility timing 13.14 0.12 86.74
reward-to-risk timing 4.3 1.84 93.86
Panel B: Estimation window higher than 120 months (6530 observations)
mv(in-sample) 86.66 0.00 13.34
min 0.72 2.73 96.55
mv 6.74 1.59 91.67
mv-c 6.52 0.78 92.70
min-c 11.73 0.05 88.22
mv-norm 0.66 2.59 96.75
bayes 16.24 5.19 78.57
threefund 2.66 13.58 83.76
1/N-mv 7.45 4.62 87.92
1/N-bayes 14.33 1.19 84.48
1/N-three-fund 2.11 9.29 88.60
volatility timing 20.11 0.18 79.70
reward-to-risk timing 6.58 2.82 90.60
Panel C: Holding period is higher than 120 months (5213 observations)
mv(in-sample) 86.48 0.00 13.52
min 0.42 6.43 93.15
mv 8.88 4.05 87.07
mv-c 8.82 1.36 89.81
min-c 14.67 0.08 85.25
mv-norm 0.35 6.29 93.36
bayes 20.35 6.50 73.15
three-fund 3.34 17.01 79.65
1/N-mv 9.34 5.79 84.87
1/N-bayes 17.95 1.50 80.56
1/N-three-fund 2.65 11.64 85.71
volatility timing 25.20 0.23 74.57
reward-to-risk timing 8.25 3.53 88.23
Panel D: Simultaneous restrictions the same as B, and C (3396 observations)
mv(in-sample) 89.63 0.00 10.37
min 0.59 3.36 96.05
mv 9.98 1.80 88.22
mv-c 9.81 0.68 89.52
min-c 15.72 0.09 84.19
mv-norm 0.47 3.03 96.50
bayes 30.99 9.90 59.11
three-fund 5.08 25.91 69.01
1/N-mv 14.22 8.82 76.96
1/N-bayes 27.34 2.28 70.39
1/N-three-fund 4.03 17.73 78.24
volatility timing 38.38 0.35 61.27
reward-to-risk timing 12.56 5.37 82.07
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D. Logistic regression results

Table D.1: Logistic Regression Results (Stocks)
We generate a large set of specifications by randomly setting the investors opportunity sets and the input variables to the
portfolio strategy comparisons and in each specification, we compare the out-of-sample Sharpe ratio of the underlying strategy
k to 1/N rule. If strategy k has higher out-of-sample Sharpe ratio than naive 1/N rule and the difference is also significant
at 10% level, we set Y Strategyk equal to 1. Next, we run the following regression for each strategy and report the results:
Pi(Y

Strategyk = 1) = 1
1+exp(−α−βXi)

. In our regressions in this table, the investors opportunity set is composed of stocks

randomly chosen from all the shares in NYSE/AMEX, corrected for cheap shares and market capitalization, from Jan 1965 to
Dec 2016.

mv min mv-c min-c mv-norm bayes three-fund 1/N-mv 1/N-bayes 1/N-three-fund volatility timing reward-to-risk timing

Estimation window 0.0126∗∗ 0.00936∗∗ 0.00376∗ -0.00167 0.00826∗∗ -0.00145 0.00823∗∗ 0.00558∗ -0.00169 0.00918∗∗ 0.00244 0.00597
(3.36) (4.32) (2.28) (-1.47) (3.89) (-1.13) (2.93) (2.01) (-1.72) (3.08) (1.27) (1.92)

Holding period 0.00231 -0.00244 0.00300∗∗ 0.00407∗∗ -0.00130 0.00154 -0.00384 -0.00501∗∗ 0.00286∗∗ -0.00352 0.00353∗∗ -0.00515∗

(1.00) (-1.07) (2.84) (5.11) (-0.66) (1.80) (-1.81) (-2.65) (4.53) (-1.59) (3.15) (-2.43)

Number of stocks -0.0150 -0.0219∗∗ 0.00211 0.00983∗∗ -0.0231∗∗ 0.0103∗∗ -0.0273∗∗ -0.00892 0.0137∗∗ -0.0255∗∗ 0.00140 0.00409
(-1.92) (-2.93) (0.60) (3.79) (-3.22) (3.65) (-3.23) (-1.23) (6.37) (-2.94) (0.39) (0.65)

Skewness 1.547 1.790∗ 2.748∗∗ 2.538∗∗ 2.366∗∗ 1.667∗∗ 0.977 1.591∗ 2.192∗∗ 1.277 3.594∗∗ 2.764∗∗

(1.29) (2.17) (4.91) (7.17) (2.80) (4.19) (1.16) (2.11) (7.49) (1.40) (6.40) (3.40)

Kurtosis -0.394 -0.0706 -0.286∗ -0.0887 -0.00300 0.0414 0.121 0.127 0.0387 0.0886 -0.273 -0.131
(-1.26) (-0.40) (-2.00) (-1.13) (-0.02) (0.55) (1.01) (1.09) (0.59) (0.68) (-1.62) (-0.67)

δ 0.483
(0.20)

eta -0.610∗∗ -0.179∗∗

(-9.34) (-3.42)

Constant -5.985∗∗ -5.935∗∗ -4.629∗∗ -4.541∗∗ -6.277∗∗ -4.879∗∗ -6.256∗∗ -6.397∗∗ -4.650∗∗ -6.494∗∗ -2.731∗∗ -5.120∗∗

(-5.18) (-6.35) (-8.52) (-12.91) (-8.36) (-14.34) (-10.55) (-9.48) (-15.81) (-10.30) (-4.00) (-5.54)
R2 0.0458 0.0452 0.0330 0.0407 0.0552 0.0186 0.0587 0.0363 0.0369 0.0578 0.202 0.0543
N 10000 10000 10000 10000 10000 10000 10000 10000 10000 10000 10000 10000
t statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01
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Table D.2: Logistic Regression Results (Portfolios Fixed)
We generate a large set of specifications by randomly setting the investors opportunity sets and the input variables to the
portfolio strategy comparisons and in each specification, we compare the out-of-sample Sharpe ratio of the underlying strategy
k to 1/N rule. If strategy k has higher out-of-sample Sharpe ratio than naive 1/N rule and the difference is also significant
at 10% level, we set Y Strategyk equal to 1. Next, we run the following regression for each strategy and report the results:
Pi(Y

Strategyk = 1) = 1
1+exp(−α−βXi)

. In our regressions in this table, the investors opportunity set is composed of portfolios.

We generate randomly the number of portfolios in the investor’s opportunity set and next, we generate randomly the number of
stocks in the portfolios and randomly choose these number of stocks from all the shares in NYSE/AMEX, corrected for cheap
shares and market capitalization, from Jan 1965 to Dec 2016.

mv min mv-c min-c mv-norm bayes three-fund 1/N-mv 1/N-bayes 1/N-three-fund volatility timing reward-to-risk timing

Estimation window 0.00428∗∗ 0.00865∗∗ 0.00369∗∗ -0.000726 0.00749∗∗ 0.000855 0.00879∗∗ 0.00327∗∗ 0.000636 0.0103∗∗ 0.000236 0.00398∗∗

(5.07) (3.78) (4.39) (-1.17) (3.32) (1.37) (5.67) (3.55) (0.91) (5.91) (0.38) (3.74)

Holding period 0.00951∗∗ -0.00521∗∗ 0.00907∗∗ 0.00774∗∗ -0.00557∗∗ 0.00809∗∗ 0.00180 0.00987∗∗ 0.00836∗∗ 0.00179 0.00871∗∗ 0.00809∗∗

(14.09) (-3.12) (14.04) (17.00) (-3.36) (17.62) (1.68) (13.54) (16.65) (1.43) (19.46) (10.04)

Number of stocks 0.00484∗∗ -0.0245∗∗ 0.00368∗ 0.0132∗∗ -0.0257∗∗ 0.0112∗∗ -0.0211∗∗ 0.00864∗∗ 0.0143∗∗ -0.0208∗∗ 0.0139∗∗ 0.00621∗∗

(3.03) (-3.90) (2.38) (10.57) (-4.10) (9.00) (-7.08) (4.89) (10.56) (-5.78) (11.52) (3.23)

Stocks in portfolio 0.000458 0.00784 0.000195 -0.00120 0.00940 -0.000974 0.0105∗∗ -0.00227 -0.000740 0.0138∗∗ 0.00221 0.00197
(0.24) (1.34) (0.11) (-0.85) (1.61) (-0.70) (3.03) (-1.14) (-0.49) (3.24) (1.67) (0.92)

Skewness 0.763∗∗ -0.464 0.664∗∗ 0.374∗∗ -0.282 0.343∗∗ -0.0701 0.948∗∗ 0.945∗∗ 1.143∗∗ 0.613∗∗ -0.300
(5.45) (-0.98) (4.91) (3.66) (-0.67) (3.43) (-0.22) (5.95) (8.81) (3.25) (6.50) (-1.45)

Kurtosis -0.0285 -0.427∗∗ -0.0785 -0.158∗∗ -0.432∗∗ -0.148∗∗ -0.314∗∗ 0.0183 -0.0593 -0.110 -0.162∗∗ -0.116∗

(-0.63) (-2.85) (-1.75) (-4.70) (-3.02) (-4.36) (-2.83) (0.35) (-1.55) (-0.84) (-4.76) (-1.98)

δ -0.723
(-0.34)

η -0.0111 -0.00905
(-1.03) (-0.51)

Constant -4.752∗∗ -3.342∗∗ -4.191∗∗ -2.792∗∗ -2.990∗∗ -3.033∗∗ -3.796∗∗ -5.072∗∗ -3.739∗∗ -5.445∗∗ -3.017∗∗ -4.791∗∗

(-18.53) (-4.54) (-16.67) (-16.02) (-3.98) (-17.02) (-8.64) (-16.86) (-17.75) (-8.81) (-16.23) (-15.63)
R2 0.0797 0.0684 0.0759 0.0791 0.0755 0.0765 0.0639 0.0901 0.106 0.0894 0.109 0.0407
N 10000 10000 10000 10000 10000 10000 10000 10000 10000 10000 10000 10000
t statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01
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Table D.3: Logistic Regression Results (Characteristic-based Portfolios)
We generate a large set of specifications by randomly setting the investors opportunity sets and the input variables to the
portfolio strategy comparisons and in each specification, we compare the out-of-sample Sharpe ratio of the underlying strategy
k to 1/N rule. If strategy k has higher out-of-sample Sharpe ratio than naive 1/N rule and the difference is also significant
at 10% level, we set Y Strategyk equal to 1. Next, we run the following regression for each strategy and report the results:
Pi(Y

Strategyk = 1) = 1
1+exp(−α−βXi)

. In our regressions in this table, the investors opportunity set is composed of portfolios.

We generate randomly the number of portfolios in the investor’s opportunity set and next, we generate randomly the number of
stocks in the portfolios and randomly choose these number of stocks from all the shares in NYSE/AMEX, corrected for cheap
shares and market capitalization, from Jan 1965 to Dec 2016.

mv min mv-c min-c mv-norm bayes three-fund 1/N-mv 1/N-bayes 1/N-three-fund volatility timing reward-to-risk timing
main
Estimation window 0.00432∗∗ 0.00640∗∗ 0.00492∗∗ 0.00259∗∗ 0.00720∗∗ 0.00149∗∗ 0.00463∗∗ 0.00332∗∗ 0.000731 0.00468∗∗ -0.000445 0.00452∗∗

(7.93) (10.21) (10.05) (4.45) (11.91) (2.94) (8.19) (6.09) (1.45) (8.27) (-0.85) (8.93)

Holding period 0.00513∗∗ 0.00415∗∗ 0.00967∗∗ 0.00307∗∗ 0.00423∗∗ 0.00532∗∗ 0.00456∗∗ 0.00541∗∗ 0.00594∗∗ 0.00454∗∗ 0.00704∗∗ 0.0126∗∗

(13.31) (8.82) (26.98) (7.73) (9.63) (14.95) (11.72) (14.08) (16.79) (11.65) (18.58) (33.10)

Number of stocks 0.00518∗∗ -0.0103∗∗ 0.00712∗∗ -0.00161 -0.00723∗∗ 0.00271∗∗ 0.00176 0.00431∗∗ 0.00607∗∗ 0.00185∗ 0.00601∗∗ 0.0117∗∗

(5.61) (-9.15) (8.85) (-1.59) (-6.94) (3.06) (1.89) (4.65) (6.92) (1.99) (6.62) (13.96)

Skewness 0.553∗∗ -0.0663 0.634∗∗ -0.161 -0.00612 0.251∗∗ 0.712∗∗ 0.716∗∗ 0.482∗∗ 0.716∗∗ 0.112 0.993∗∗

(5.84) (-0.55) (7.40) (-1.68) (-0.05) (2.85) (7.32) (7.57) (5.61) (7.34) (1.26) (10.93)

Kurtosis -0.190∗∗ -0.157∗∗ -0.125∗∗ -0.238∗∗ -0.179∗∗ -0.0358 -0.0908∗ -0.125∗∗ -0.0810∗∗ -0.0893∗ -0.0924∗∗ 0.0142
(-5.54) (-3.73) (-4.21) (-6.90) (-4.48) (-1.22) (-2.56) (-3.70) (-2.73) (-2.51) (-3.08) (0.46)

δ 2.174∗∗

(3.85)

η -0.137∗∗ -0.0676∗∗

(-14.18) (-7.90)

Constant -2.065∗∗ -2.360∗∗ -2.555∗∗ -1.310∗∗ -2.583∗∗ -2.277∗∗ -2.473∗∗ -2.197∗∗ -2.062∗∗ -2.493∗∗ -1.449∗∗ -3.353∗∗

(-13.13) (-12.25) (-18.11) (-8.80) (-13.49) (-15.89) (-14.95) (-13.92) (-14.65) (-15.03) (-9.76) (-21.28)
R2 0.0550 0.0344 0.103 0.0165 0.0371 0.0265 0.0464 0.0573 0.0465 0.0465 0.0640 0.162
N 10000 10000 10000 10000 10000 10000 10000 10000 10000 10000 10000 10000
t statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01
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E. Marginal probabilities of Beating Naive - Portfolios

Table E.1: Marginal probabilities of Beating Naive (Portfolios)
This table reports the percentage change in the probability of beating naive for one standard deviation change in the independent
variable. We generate a large set of specifications by randomly setting the investors opportunity sets and the input variables
to the portfolio strategy comparisons and in each specification, we compare the out-of-sample Sharpe ratio of the underlying
strategy k to 1/N rule. If strategy k has higher out-of-sample Sharpe ratio than naive 1/N rule and the difference is also
significant at 10% level, we set Y Strategyk equal to 1. Next, we run the following regression for each strategy k: Pi(Y

Strategyk =
1) = 1

1+exp(−α−βXi)
and compute the marginal probabilities with respect to one standard deviation change in the explanatory

variables. The investors opportunity set is composed of stocks (panel A), portfolios (panel B) and characteristic-based portfolios
(panel c). The numbers are in percentages.

Estimation window Holding period Number of stocks Stocks in portfolio Skewness Kurtosis δ η

Panel A: Portfolios
mv 25.86 82.47 13.73 1.03 50.39 -5.48
gmv 62.53 -29.48 -49.44 19.94 -22.97 -58.46
mv-c 21.78 77.02 10.23 0.43 42.44 -14.34
min-c -3.67 58.78 38.99 -2.51 21.02 -26.00

mv-norm 52.29 -31.16 -51.10 24.35 -14.69 -58.87 -4.06
bayes 4.50 62.69 32.13 -2.06 19.08 -24.46

three-fund 63.30 12.81 -44.05 27.61 -3.83 -47.19
1N-mv 19.50 89.07 25.88 -5.00 66.40 3.68

1N-bayes 3.40 67.56 43.78 -1.60 62.33 -10.73
1N-three-fund 78.07 12.84 -43.73 37.64 89.20 -20.12

volatility timing 1.21 67.59 40.71 4.78 35.84 -26.17 -2.82
reward-to-risk timing 24.20 69.03 18.06 4.55 -15.08 -20.55 -2.46
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